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Deadlock Resolution and Recursive Feasibility in
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Abstract—Online collision-free trajectory generation within a
shared workspace is fundamental for most multi-robot appli-
cations. However, many widely-used methods based on model
predictive control (MPC) lack theoretical guarantees on the
feasibility of underlying optimization. Furthermore, when applied
in a distributed manner without a central coordinator, deadlocks
often occur where several robots block each other indefinitely.
Whereas heuristic methods such as introducing random pertur-
bations exist, no profound analyses are given to validate these
measures. Towards this end, we propose a systematic method
called infinite-horizon model predictive control with deadlock
resolution. The MPC is formulated as a convex optimization
over the proposed modified buffered Voronoi with warning band.
Based on this formulation, the condition of deadlocks is formally
analyzed and proven to be analogous to a force equilibrium.
A detection-resolution scheme is proposed, which can effectively
detect deadlocks online before they even happen. Once detected,
it utilizes an adaptive force scheme to resolve deadlocks, under
which no stable deadlocks can exist under minor conditions on
robots’ target positions. In addition, the proposed planning algo-
rithm ensures recursive feasibility of the underlying optimization
at each replanning under both input and model constraints, is
concurrent for all robots and requires only local communication.
Comprehensive simulation and experiment studies are conducted
over large-scale multi-robot systems. Significant improvements on
success rate are reported, in comparison with other state-of-the-
art methods and especially in crowded and high-speed scenarios.

Index Terms—Multi-robot systems, motion planning, trajec-
tory generation, deadlock resolution, recursive feasibility, colli-
sion avoidance.

I. INTRODUCTION

OLLISION-free trajectory generation is essential for

multi-robot systems to perform various missions in a
shared environment, such as cooperative inspection and trans-
portation [1], [2], [3], [4]. However, it becomes especially
challenging when a large number of agile robots navigate in
a crowded space with high speed. The commonly-seen multi-
robot trajectory generation (MATG) algorithms can be classi-
fied into roughly six categories: potential fields [5], [6] that
design virtual driving forces induced by artificial potentials;
geometric guidance [7], [8] such as reciprocal velocity obsta-
cles (RVO) [8], [9], [10] that analyze the geometric properties
based on the position and velocity of the others; conflicts
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resolution [11], [12] that designs heuristic rules to resolve
potential collisions; learning-based methods [13], [14], [15]
that rely heavily on accurate simulators and reward shaping;
control-law-based methods [16], [17], [18] that have a strong
theoretical guarantee; and optimization-based methods [19],
[20], [21] that model the problem as numerical optimizations.

Optimization-based methods have gained increasing popu-
larity recently due to its modeling capability and extensibility.
In particular, optimization-based methods construct and solve
various optimizations to achieve collision-free navigation, such
as the mixed integer quadratic programming in [19], sequential
convex programming in [22], and model predictive control
(MPC) in [23]. However, most of the aforementioned methods
do not ensure explicitly feasibility of the underlying optimiza-
tion during the whole navigation. In other words, the optimiza-
tion might be infeasible at one time step, thus the whole system
stops. Some works in [24], [25] and [26] propose to tackle
the feasibility problem by gradually scaling up the time step,
which however requires a centralized coordinator. Another
work [27] introduces the notion of control barrier function,
which can guarantee collision-free trajectory. Nonetheless, it
might be overly conservative due to excessive breaking. The
methods in [28] ensure feasibility by utilizing relative-safe
corridor among robots. Last but not least, the above methods
often impose a fully-connected communication network with
high communication burden.

More importantly, another well-known issue in MATG is
that deadlocks often occur during navigation in multi-robot
systems. Formally, a deadlock happens when multiple robots
are blocked by each other indefinitely and cannot make any
progress towards their targets [29]. It is often caused by the
symmetric configuration of the underlying system [30], and the
lack of a central coordinator [31]. A commonly-used resolution
scheme is inspired by the right-hand rules. For instance, an
artificial perturbation to the right-hand side of each robot
is introduced in [27] in order to break the equilibrium of
deadlock. This however can lead to unpredictable behavior
and even safety issue in practice as the magnitude of such
perturbations is hard to determine. Other works in [32], [33],
[34] instead propose to select a detour point on the right-hand
side of each robot as the temporary target. Nonetheless, the
validity and effectiveness of these schemes still lack theoretical
analyses and guarantee on the performance, and might lead to
livelock problems in practice where the robots oscillate around
the deadlock positions indefinitely. Similar clockwise maneu-
ver is adopted in [35] which shows that the tangent motion
can resolve deadlocks for some cases. Important advances
on deadlock analysis and resolution are recently reported
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in [30], [36], [37]. The authors in [30], [36], [37] analyze
the condition of deadlocks based on the Karush-Kuhn-Tucker
(KKT) formulation for multi-robot systems and present a
proportional-derivative control law to resolve deadlock, which
can be theoretically shown for the case with no more than three
robots. As pointed out in [32], algorithms that can provably
avoid deadlock in general cases without a global coordinator
still await.

To address the open problem of deadlock resolution with
feasibility guarantee in a distributed manner, this work pro-
poses a novel systematic trajectory generation method, called
infinite horizon model predictive control with deadlock resolu-
tion (IMPC-DR). Firstly, the traditional buffered Voronoi cells
(BVC) proposed in [32] is extended by taking into account
full planned trajectories of neighboring robots and introduc-
ing a velocity-dependent buffer width. Furthermore, an extra
warning band is added to the terminal horizon to facilitate
the resolution of potential deadlocks. An improved distributed
MPC formulation is proposed based on these constraints and
a novel cost function that deals with potential deadlocks.
Given this formulation, the condition of deadlocks during
navigation is formally analyzed and shown to be analogous
to a force equilibrium between the attractive forces from
the targets and repulsive forces from the neighboring robots.
Consequently, a detection mechanism is designed to detect
any potential deadlocks online and before they might happen.
Once detected, an adaptive resolution scheme is followed to
incrementally adjust the inter-robot repulsive force to break the
equilibrium. Properties of the proposed algorithm regarding
deadlock resolution, recursive feasibility and local communi-
cation are all formally analyzed and proven.

To summarize, the main contributions of this paper are as
follows:

e The modified buffered Voronoi cells with warning band
(MBVC-WB) introduces a novel trajectory-based and
velocity-dependent space partition technique. It can avoid
potential collision between the consecutive sampling
points, which may take place in the traditional point-
based BVC in [32] and the sampling-based methods in,
e.g., [23], [38].

o The condition of deadlocks for MPC-based MATG prob-
lems is formally analyzed and revealed as a force equi-
librium. This is more general than an earlier result in
[30] for three robots. Based on this condition, a novel
online detection scheme is provided to detect potential
deadlocks early-on before they appear, i.e., not afterwards
as in [27], [32]. Furthermore, in contrast to heuristic
methods in [27], [33], [34], the proposed deadlock res-
olution scheme has a theoretical demonstration that the
inter-robot repulsive forces are adapted in a smooth way
to falsify the deadlock condition, again before potential
deadlocks appear. It is formally proven that under the
proposed resolution scheme, no stable deadlocks can exist
under minor conditions on the target positions.

e The proposed complete algorithm not only ensures the
deadlock resolution, but also guarantees that the optimiza-
tion at each replanning is recursively feasible. Such an
assurance for feasibility is often overlooked and simply

assumed in related works [22], [39], [40], rather than
guaranteed explicitly and formally.

e Effectiveness and performance of the proposed algo-
rithm are validated extensively by numerical simula-
tions against other state-of-the-art methods including
iSCP [39], DMPC [40] and BVC [32]. Our method
shows a significant increase in both success rate and
feasibility, especially for large-scale crowed and high-
speed scenarios.

e Hardware experiments are carried out using nano quadro-
tors Crazyflies in a workspace captured by an indoor mo-
tion capture system OptiTrack. Up to 20 nano quadrotors
successfully perform experiments of antipodal transitions
in 2D and 3D, validating the applicability of the proposed
algorithms on real-time platforms.

As mentioned earlier, the problem of deadlock resolution
considered in this paper is restricted to the MATG area. It
should be mentioned that deadlock phenomena also take place
in other areas such as computer sciences [41] and discrete
event systems [42], [43], [44], [45], [46]. For instance, the
works [42], [43], [44] address deadlock resolution in multi-
robot path planning on topological graphs in the area of traffic
management. Although the deadlock phenomena in different
areas are similar, yet the root cause, the resolution schemes
and the implemented tools are quite distinct. More specifically,
the deadlocks considered here belongs to the category of
policy-induced deadlocks, due to the distributed and online
trajectory planning scheme. In contrast, the deadlocks from
the aforementioned works are often caused by the topological
structure and the transition condition of the robots. Thus,
the associated resolution schemes and the involved tools are
rather distinct. The former requires the real-time adaptation of
robot trajectories under dynamical and geometric constraints,
while the latter often focuses on designing discrete policies
using tools such as finite-state automata or labeled transition
systems.

The remaining parts of this paper are organized as follows.
The problem statement is described in Section II. The method
and the corresponding analysis are presented in Section III and
Section IV, respectively. Numerical simulations and hardware
experiments are given in Section V. Conclusions and future
work can be found in Section VI. The nomenclatures used in
this paper are summarized in Table 1.

II. PROBLEM STATEMENT

This section formulates the multi-robot trajectory generation
(MATG) problem considered in this paper.

A. Robot Dynamics

Consider a team of N robots, where each robot i € N £
{1,2,---, N} is modeled as a point mass in R%, and d = 2,3
is the dimension of the configuration space. Furthermore, its
motion is approximated by the double integrator, i.e.,

' (t+ h) = Az (t) + Bu'(t),

where z'(t) = [p'(t),v’(t)] is robot i’s state, including
the position p’(t) and velocity v¢(t), u’(t) as acceleration
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TABLE I

NOMENCLATURES
p{:argm_ _ Target of robot <. By ' _
p', p* Position of robot ¢, p*7 = p* — p7.
D Planned position of robot ¢ at the k-th step of horizon.
P Planned trajectory of robot 7.
P Predetermined trajectory of robot 3. _
F;'_Q Position of robot ¢ at the k-th step of horizon in P
v, Velocity of robot ¢ at the k-th step of horizon.
Ty, zp, = [Ph>vp)- _
Uy Control input of robot 4 at the k-th step of horizon.
K Length of horizon.
K, K K={1,2,...,K}and K ={1,2,..., K — 1}.
w? Warning band of robot ¢ with respect to (w.r.t.) robot j.
T'min The minimum allowable distance between any two robots.
rr/nin ) Tr/nin = T]%lin + h2vr2na)(' ] B
N, Nt The set of all robots, and N'* = {j |lw® < e}
p* The repulsive coefficient of robot ¢ w.r.t. robot j.
c* The objective function of robot 3.

is the control input, A = [(I)‘fl hlldd] , B = [,?Idd] and h is
the sampling interval. For brevity, the time index “(t)” is
omitted wherever ambiguity is not caused in the sequel. As
required in practice, both the robot’s velocity and acceleration
are subjected to physical constraints. Specifically, it holds
that ||©,v¢|| < Umax and ||©uu?|| < amax, Where 6,0,
are positive-definite matrices, and vpmax, Gmax > 0 denote the
maximum velocity and acceleration, respectively.

B. Collision Avoidance

To avoid inter-robot collisions, the minimum distance al-
lowed between any pair of robots is set to ruy;, > 0. In other
words, collision is avoided, if

1P (1 = 11p* = 2’| = Tmin Q)

holds, for any pair (i, j) € N x N and i # j.

C. MPC-based MATG

The general MATG problem is to design control inputs
for each robot i« € N such that it reaches the target posi-
tion pfarget € R?, while avoiding collisions with other robots.
As discussed in Section I, many existing work adopts the
MPC-based solutions, e.g., [19], [23], where the robot trajecto-
ries are calculated by solving an optimization problem at each
time step and then executed in a receding horizon fashion. At
each time step ¢ > ty, the planned trajectory of robot ¢ for
the future K time steps is defined as P = [pt, ph, ..., p%]
where pt is the planned position for time instant ¢ + kh,
ke kK; K2 {1,2,---,K}and K is the length of the planning
horizon. As a rule of thumb, K > a”#d“h is chosen such that
the robot can reduce its velocity from maximum to zero within
the horizon. Similar notations apply to v (t), uj(t) as the
planned velocity and acceleration. For the ease of notation,
u' = [uh,ul,...,ul_,] and analogously for ’. Then, the
following constrained optimization problem is imposed for the
MATG at time t > .

Problem 1. At time ¢ > tg, the planned trajectory P? of
robot i € N is the solution to the following optimization:

{min} Ct (ui, wi) (2a)
st i = Phll = rmin, V5 # 4, VE; (2b)
Ty = Azh_, +Bul_,, Vk; (2¢)
H@au;q_ln < Amax, ka (2d)
H@'UU;g” < Umax, Vk7 (2e)

where Vi, k is an abbreviation for Vi € V" and Vk € K; C(-)
is the cost function to be minimized. |

Remark 1. The objective function in (2a) can be of various
formats, c.g., ' = %Zk(Qk”pz - ptiarget”2 + Rk”u;cHQ)
in [32], where Q, Ry > 0, k € K. As discussed in the sequel,
a novel objective formulation is proposed in this work, which
incorporates the deadlock resolution as an integral part of the
optimization process. ]

Once this optimization is solved at time ¢ and the planned
trajectory is derived, the low-level feedback controller of
each robot i tracks P*(t) during the time interval [t, t + h).
Consequently, it holds that z%(t + h) = z%(t) at time ¢ + h.
Afterwards, the above optimization is re-formulated given
the updated system state, and solved again for the planned
trajectory P*(t+ h). Each robot repeats this procedure locally
until all robots reach their respective target positions. This is
the common framework for most MPC-based MATG methods.

D. Distributed Solution, Recursive Feasibility and Deadlock

Notably, constraint (2b) depends on the state of robot j,
meaning that the optimization in (2) cannot be solved by
robot 7 alone. However, a distributed solution without a central
coordinator is desired in this work. In other words, the planned
trajectories of all robots are calculated parallel and locally
by each robot solving the above optimization. Although each
robot can only dictate its own trajectory, it can exchange
data with other robots via wireless communication, which is
assumed to be bidirectional and ideal without drop-outs or
delays. Furthermore, as mentioned previously in Section I,
there are two aspects of Problem 1 that are of particular interest
in this work: recursive feasibility and deadlock.

According to [47], the recursive feasibility of the MPC-
based MATG formulated in Problem 1 is defined as follows.

Definition 1 (Recursive Feasibility). The constrained opti-
mization (2) is called recursive feasible, if it is feasible at
time step ¢, Vt > tg, for each robot i € A, then the new
optimization at time step ¢ + h is feasible as well. ]

Recursive feasibility ensures the safety of the resulting
trajectories, namely, no inter-robot collisions would happen.
However, for certain cases such as symmetric and crowded
scenarios, a number of robots block each other and cannot
move towards their target positions, also known as dead-
locks [27], [29], [37]. Although no collisions happen, this
still prohibits a successful navigation. For the MATG problem
considered here, the deadlock is formally defined as follows.
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Fig. 1. Illustration of the MBVC-WB. Left: the shared space is split at
each step of horizon; Right: a warning band is added for the terminal step of
horizon, i.e., k = K.

Definition 2 (Deadlock). Robot ¢ is said to be in a deadlock, if
its planned positions p, remain static at its current position p
and it does not reach its target, i.e., p'(t) = pi(t) = p'(ta) #
Plugerr Yk € K, ¥t > tq, where tq is the time when this
deadlock starts. |

The main objective of this paper is to design an MPC-
based trajectory planning method such that i) the constrained
optimization (2) is recursive feasible; ii) the underlying robots
can detect and resolve potential deadlocks.

III. PROPOSED SOLUTION

The complete solution is described in this section, which
consists of four main steps: re-formulation of the constraint
in (2b) for collision avoidance; re-formulation of the complete
optimization; formal analyses of the condition for deadlocks;
and finally the resolution scheme of potential deadlocks.

A. MBVC-WB

The collision avoidance constraint in (2b) is enforced explic-
itly by requiring the inter-robot distance to be more than r,;,
at all time. However, the future states of other robots are not
available at the current time. Thus, we propose to replace them
with the predetermined trajectory of other robots.

Definition 3 (Predetermined Trajectory (PT)). The predeter-
mined trajectory for robot 7 at time ¢ is defined as

P'(t) = [PL(1), B5(1), - P (1)]
where pj.(t) = pj,,(t —h),k € K4{1,---,K—1}, and
pY (t) = pi(t — h) for the end of horizon. [ ]

Based on the predetermined trajectory, we use the spatial
separation method as in [28] to handle inter-robot collisions.
As illustrated in Fig. 1, this method forms a separating hyper-
plane between different robots which restricts their respective
motion space. Inspired by [32], we define the following
modified buffered Voronoi cell with warning band (MBVC-
WB) for any pair of robots ¢ and j that j # i:

Pi + D Dy i
V2 =<plp- ’“2 k)THj’HZ K 3)

where Vi is the MBVC WB for robot ¢ w.r.t. robot j over the
horizon k € K; B = Pi.—Ty; the pair-wise buffer width r}/ =

% holds for k € K, where

Tinin = \/ mm + hQUrQnax (4)

is the extended buffer width; and r% = % + w', where w?
is an optimization variable as the warning distance between
robots i and j. Note that 0 < w®” < e with ¢ being the
maximum width of the warning band, which is generally
chosen as € € (o, Ton),

Like BVC in [32], an important role of MBVC-WB is that
it can convert the original non-convex constraint (2b) into
two convex constraints. It is not difficult to derive that the
collision avoidance constraints between any pair of robots can
be decoupled and become pi € Vk , pk Vﬂ Via simple

re-arrangements, the constraint pk S V can be rewritten as

a}j P> b, Vi #ikeKk, (5a)
;T
aK Pl > b” +w' Vj # i (5b)
where the coefficients are given by
.. 5t .. . .Tfi o -
ij Py bZJ:aZJ pk;pk Tn2nn. (6)

P )
Hpk I

Note that the above constraints in (5) can be formulated locally
by each robot given the planned trajectory P’ (¢t — h) received
from its neighbors j at the previous time step ¢ — h.

Remark 2. The buffered Voronoi cell (BVC) proposed in [32]
is defined as follows:

i P4 p? 1

Vo= {p| (p 2 ) ”p”” > 2Tmin}
Compared with the proposed MBVC-WB in (3), there are
three main differences: (i) BVC only considers the current
positions of robots ¢ and j, while MBVC-WB takes into
account all future positions of both robots according to their
predetermined trajectories. This leads to a more accurate space
separation and thus a higher utilization rate of the workspace;
(ii) the buffer width r/ ; in (4) is velocity dependent to ensure
collision avoidance between sampling points; (iii) as explained
in the sequel, the warning band w% added at the end of the
horizon is also included in the objective function, which allows
for an effective resolution scheme for potential deadlocks. W

Lemma 1. If pi, € Vi holds, Vi,j € N that i # j, and
Vk € IC, then
D1 = i (7)

holds for the same set of i, j, k as above and pk = pk Dy
Furthermore, assuming that robots i, j move at constant
velocities from pj; to p} 4 qnd fram Py, 10 P, 41> respectively,
the planned trajectories P*(t), P’ (t) are collision-free over
the whole trajectory.

Proof. For robots i and j, if ]0,'C € VZ“ and p,; 6 Vﬁ hold

for Vk € K, it follows that a/ pJ > b and a’ pk > bl
;T

respectively. Hence, ai’ " p, + ] pk > b7+ b]’ holds. Sub-

5T
stituting (6) into it, it follows that a;’ p” > r! ... Moreover,

n*
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since azj pY la lp]l < P, (7) can be derived.

Furthermore, due to (7), it can be shown that
+ h2’U2

max

||p ” > rmm -
holds for both £ and k — 1. Since the maximum allowed
velocity is Umay, it follows that [|pj, — pj,_,|| < h Umax and
lpt. = pl._ ;|| < B Umax. Consequently, it yields

mm

2,2
+h Umax

ozl || >

mm

> \/rmm 7Hpk p%c—l _pgc +p§c—1||2'

Similarly, it holds that

ARy

Given these conditions, Appendix A shows that the inter-robot
distance during time [t + (k — 1)h, ¢ + kh] is bounded as

P18 (k= Phs) 2oy =8 (P = 2os) 1= T ®)
where § € [0, 1]. In other wprds, if rQbot 1 moves from piq
to pi and robot j from pj , to p), at constant velocities,

according to (8), the minimum distance between robots ¢ and j
is larger than 7, for all £ € IC. This completes the proof. [

B. Complete Optimization

In addition to the inter-robot collision avoidance, the follow-
ing terminal constraint is introduced to ensure the feasibility
of optimization (2):

xts € X,, where X, = {z | 2 = Az +Bu,u € U}, (9)

i.e., X, is a set of invariant states where feasible inputs exist
for the system to remain in these states. For the simple model
of double integrator, this terminal constraint (9) is equivalent
to U}( = 04.

Remark 3. Note that once the above constraint is enforced,
the horizon length K can be extended to infinity as the planned
state % is identical to z%; if uf_, = u, for k > K where u.
is the control input that satisfies x% = Ax% +Bu,. Thus it is
also called Infinite-horizon MPC (IMPC). Notably, the infinite
horizon ensures that the planned trajectory is remained to be
collision-free beyond horizon such that, as the horizon recedes,
a feasible trajectory is already prepared. |

Furthermore, the objective function in (2a) considered in
this work consists of two parts:

C'=ClL+C. (10)
The first part
o g
- )
i# -
is related to the warning band in (3), p¥ > 0 is a des-
ignated parameter for deadlock resolution later. Note that

_
= 400 and 6w”

(1)

limi5 0+ C, wii—e = 0. The second part

K-1
1 . 4 1 , ,
= 5QklIPk = Plage I” + 5 > Qullphyr — pill?
k=0

is similar to the commonly-seen quadratic cost to penalize
the distance to target and summed velocity, where Qg, k =
0,1,..., K are the weighting parameters. In particular, Q) >
0, £ € K and Q9 = 0. Given the above components, the
optimization in (2) is rewritten as follows:

min _C*
ut,xet,w
s.t. a;g p,~c b, Vi #i, keK; (12a)
aK pK > b” +w¥, Vi # 1 (12b)
e>wv >0, (12¢)
v = 04; (12d)
(2¢c) — (2e).

where (12a)-(12c) are the re-formulated constraints for col-
lision avoidance and (12d) is the newly introduced terminal
constraint; and the objective function C? is defined in (10).

C. Condition for Deadlocks

The following theorem reveals that deadlock can only
happen under specific conditions.

Theorem 1. If robot i € N belongs to a deadlock, the
following condition holds:

QK (pfargel 7pK) + Z pijéija% = 07 (13)
JENT
where N* 2 {j|w" < e}, 6;; = Tlﬁj’ and w* = w* holds

for j € N

Proof. To begin with, constraint (2¢) in (12) can be directly
expanded as zi = A*z{ + A* " 1Bul + -+ Bug_1, k € K.
Moreover, the domain of w® in C? is w* > 0 since
lim,i; 0+ C% = 400 and C’fu is only convex when w® > 0.

Therefore, the constraints w* > 0 can be omitted in (12).
Then, the Lagrange function of (12) is given as:

K
£1=C"+ 3 N (19attey ]| = tmax)
k=1
K . .
+ Z U)\Z; (”@vUZ;H - Umax)
k=1
# 3N (b = al i) + D N - )

J#i J#i

K—-1
+ 30 A (0 - ook + T
k=1 j#i

K
+ Z I/,iT (1’2 — Afzl — AFIBuf — - — Bu}(_l) ,

where “ Z v };, )\Zj V,i = [pl/,i,vu,i] and 'v¢ are the
Lagrangian multipliers to the corresponding inequality and
equality constraints, respectively.

When a deadlock happens, robot ¢ remain static and
thus ui _;, = 04 and v], = 04 hold. It implies that both
1©aul 1|l < umax and [|v}|| < vmax hold. Hence, according
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Fig. 2. Deadlock can be treated as a force equilibrium, where the attractive
force from the target (in yellow, red, blue) and the repulsive forces from other
robots (in green) are balanced.

to the complementary slackness condition of Karush-Kuhn-
Tucker (KKT) condition [48], “AL = 0 and YA}, = 0 hold.
Furthermore, according to the stationary condition of KKT
condition, the following equations are satisfied:

oL’ GC’

5 = = Ma? +Pyp =0, (14a)
pk J#i

oLt i, kek _

ovi { ittt k=K 0, (14b)
oL T TK—k ; T TEK—k—1 ;

S =-B' A v —B A Vig_1 (14c)

k—1
—. =BT =0
oL oC" i
50 = puu t N =0, (14d)

Given the actual value of matrices A, B, condition (14c) can
be rewritten as

i TAKRB i TAKRIB L iTB =0, (19)
which directly implies that V%TB = 0, ie.,
P, L T 4y 4 T T 0 v, :
|:I/K UV } I, = 0 and “vi = 0. Combined

with condition (14b), '”V,i =0, k € K holds. Then, (15) can
be further simplified as

(K—k) hPvig+ (K —k—1) h v+ +hPv , =0.

By setting k = K — 1, it follows that Pv%. = 0. Consequently,
(14a) implies that

oLt oCt
B) i o ) Z)\” 7 (16)
Pr Pr Gz
Moreover, by substituting (10) into (14d), it follows that
g 1 1 g g
17 (__ - 1] wyt)
P ( wij+e)+)‘f<+ A = 0. (17)

Assume that there exists j # 4 such that “ A% > 0 holds. Due
to the complementary slackness, w” = € holds. Thus, (17)
implies A} +%“ A% = 0. However, the KKT condition requires
that both “’)\” > 0 and )\” > 0 must hold. As a result, it
follows that “ A% = ( and )\” = 0 hold, which contradicts the

assumption that “ A% > 0. Thus, it holds that “\¥/ = 0, Vj #
1. Furthermore, combined with (11) and (14d), it follows that
oC? _
owii
By substituting (18) into (16) and combining p% = p%_,, it
can be derived that

Wi
i€ (18)

ewY

iy _
NI = —

—w¥
QK (Plarget — Pic +Za” e ews’ =0
J#i

Moreover, if robot j ¢ N, then both w¥ = ¢ and wﬁﬂ;f =0
hold, which leads to equation (13).

For j € N since w¥ < € and “AY = 0, from
equation (17), it is clear that A}’ > 0 which derives
0l Pl = b +w" (19)

via complementary slackness condition.

For robot j € N it will be static as well as robot i;
otherwise, due to the change of P} and a7, the equalities (13)
and (19) cannot be constantly held. In the following, we will
show that w7 < e by contradiction. Considering that w’? < e,
assume w’? = ¢ such that a%TpJII( > b)¢ + ¢ holds. Combining
this with equation (19) yields

bij—i—wij—aK pK+aK pK—bji—ezo. (20)

When robots ¢ and j remain static, as both p = pi(t —h) =
p% and pK = pK(t - h) = pj hold, it can be derived that

a'l = ”pK” vl = a¥l K+pK + T‘g‘" also hold. Then,
Jio _ pK jio__ pKerK T st
ax = and by = aK + -3 can be similarly

derived. Sfﬁbstituting them into 1nequa11ty (20), we can obtain
that w" — e > 0, which contradicts with the fact that w% < e.
Therefore, w/* < € must hold.

Moreover, as robot j remains static, similar to aforemen-
tioned steps, “A* = 0 can be derived. Combining it with
w’? < €, we can obtain that

a’e pJK = bl +w’'. (21)
By substituting a . and b in addition to combining (19) and

(21), we can get that w* = w’?, This completes the proof. [

Based on Theorem 1, F{ = Qg (prget —plk) can be
regarded as the attractive force from the target and F” =
” 5” a’ jc 1s the repulsive force from robot j, where a’ K and
” d;; are the direction and magnitude, respectively. As illus-
trated in Fig. 2, the deadlock condition (13) can be understood
as a balance of these forces, i.e., Fj‘ + E#i F}{ =0.

Remark 4. Without the warning band, i.e., w” = 0 and
when the objective function C* only includes Cj, in (10), the
necessary condition of deadlocks is rewritten as

QK (ptarget pK + ZA” 4 07
J#i

(22)

which indicates that the magnitude of the repulsive force /\%
will be passively determined. In comparison, by introducing
the warning band variable w% and including it in the objective
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Fig. 3. Tllustration of how 6% in (23) is computed, given the terminal horizon
position (THP) of robots ¢, 7 and the target.

function (11), the magnitude of the repulsive force satisfies
(18) and contains pij as a parameter. Thus, for deadlock
resolution, the repulsive forces can be actively adjusted by
changing p%/, rather than being passively determined as in (22).
In other words, via adjusting p%/ properly, the condition in (13)
can be falsified to resolve potential deadlocks. ]

Remark 5. It should be mentioned that similar analyses based
on KKT conditions can be found in [30], [36], [37], which
utilizes a control barrier function method. By contrast, the
analysis in this theorem is built upon an MPC with predicted
horizon, and many additional constraints such as (12a)-(12d)
and a new term (11) related to the warning band is introduced
in the optimization. Furthermore, different from [36], [37],
the warning band above provides elastic safety margin when
possible deadlock happens. ]

D. Deadlock Detection and Resolution

A potential deadlock is detected when the following condi-
tion termed ferminal overlap holds.

Definition 4 (Terminal Overlap). The terminal overlap for
robot i happens when pi (t) = pi(t — h), P (t) # Dlagers
P (t) = P _1(t), and pie_, (t) = pi_,(t) hold. u

The above condition can be analyzed as follows. According
to the condition of deadlocks in (13), the summed forces at the
planned terminal position p%. equals to zero and remains so
indefinitely. Consequently, the planned terminal position at two
consecutive time steps are identical, i.e., pi-(t) = p% (t — h)
holds. Furthermore, the planned positions at the preceding
steps of horizon would approach the same position as time
evolves and eventually p} overlaps for k = K, K — 1, K — 2.
In other words, the condition of terminal overlap above allows
an early detection of potential deadlocks by time (K — 2)h.
A duration longer than 2 steps can also be adopted. However,
longer duration indicates later detection of deadlocks.

After a positive detection, a resolution scheme is proposed
by adapting the coefficient p*/ as follows:

pij = o e(ni(t) sin 0”)’
‘ n'(t — )+ An, if brg = True; (23)
n'(t) = _ 0, if w” =eVj#i;
n'(t — h), otherwise;

where po > 0 and An > 0 are parameters; initially 7°(ty) = 0;
by = True holds when a terminal overlap happens; 6/ is

-

Fig. 4. Left: The condition of deadlocks is a force equilibrium for robot 1
in which the resulting force F'* = 0. Right: After introducing the right-hand
rule, the repulsive forces to the left side F};’ is increased while the force
to the right side F}?2 is decreased gradually, yielding the summed force F'!
nonzero. Thus the condition of deadlocks is falsified.

defined as the angle in xy plane between the projection of
line Pi to its target position iy, and to D as illustrated in
Fig. 3.

Consequently, p*/ is adapted to modify the repulsive forces
by following the proposed right-hand rule. Initially, p*/ = pg
and no right-hand forces are introduced. If b%, = True, n' is
increased and becomes positive. Consider the following two
cases: when robot j is on the left-hand side of robot ¢, i.e.,
0 > 0 and thus e(zf(t) sin0) S 1 Asa result, the repulsive
force from robot j is increased and thus robot ¢ moves further
away from robot j; Secondly, when robot j is on the right-
hand side, robot i approaches to it. Once w" = ¢, Vj # i
holds, it is evident that p% must be outside the warning band
of any others and there exists no j € N. Then, 1’ returns to
the initial value 0. Otherwise, 7' remains unchanged.

Remark 6. Compared with other methods proposed in [27],
[32], deadlocks can only be detected after they happen and
thus subsequently resolved “on the spot”. Via the detection
mechanism described above, deadlocks can be detected and
immediately resolved earlier, before they actually happen. As
also validated by the numerical results in the sequel, this can
lead to a safer and much more efficient navigation scheme,
especially in crowded and high-speed scenarios. ]

E. The Complete Algorithm

The complete method is summarized in Algorithm 1. When
the system starts, the predetermined trajectory is initialized
in Line 2 as P'(ty) = [p'(to),...,p'(to)]. The main loop
in Algorithm 1 runs as follows. First, the predetermined
trajectory P’ of each robot as defined in Definition 3 is com-
municated with its neighboring robots in Line 5. Afterwards,
the constraints for collision avoidance cons® in (5) are derived
via MBVC-WB in Line 6. Thereafter, the important coefficient
p' adopted to the deadlock resolution is obtained. The opti-
mization (12) is formulated with the updated constraints and
solved subsequently in Line 8. Based on the result, the boolean
variable related to deadlock detection b’ is obtained in Line 9.
Afterwards, the predetermined trajectory is derived from the
planned one via its definition as well. Finally, the planned
trajectory is executed by the low-level tracking controller of
each robot. The above procedure repeats itself until all robots
have reached their target positions.
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Algorithm 1: IMPC-DR

Input : pl (t0)7 ptiarge[
1 b’TQ < False;
2 P'(to) + InitialPT(p’ (t0)) ;
3 while not all robots at target do

4 | for i N concurrently do

5 Pt ) < Communicate(P ‘(1) ;

6 cons’ < MBVC-WB(P'(t), P (t)) ;
7 p" + DeadlockResolve();

8 Pi(t) + Optimization(cons®, p/) ;
9 7o + DeadlockDetction(P*(t)) ;
10 P'(t+ h) < GetPT(Pi(t));

1 ExecuteTrajectory(Pi(t)) ;

12 tt+h

The computational complexity of the proposed algorithm
is analyzed as follows. Since robot ¢ communicates with
other robots in N, its corresponds to (K +1)- N + K - d
constraints in (12) and (K - d + N) real variables. The
convex programming (12) at each time step can be solved in
polynomial time w.r.t. the problem size, e.g., using the interior-
point method. Moreover, as shown in the sequel, each robot
only needs to communicate with others robot within a certain
range, this further reduces the computation complexity above.
The complexity of other components, such as the derivation
of constraints for collision avoidance and deadlock resolution,
are neglected compared with solving the optimization above.

IV. PROPERTY ANALYSES

This section is devoted to the property analyses of the
proposed algorithm, regarding deadlocks, feasibility, and local
communication.

Before moving forward, we first define the stability and
instability of deadlocks in the sense of Lyapunov [49].

Definition 5. The deadlock equilibrium z of robot i is stable,
if for any R > 0, there exists r > 0 such that if ||z°(t4) —
zh|| < r, then ||z%(t) — 25| < R for any t > tq, where t, is
defined as in Definition 2. Otherwise, the deadlock equilibrium
is unstable.

Note that for the cases where the multi-robot system has
multiple deadlock equilibria, any deadlock equilibrium cannot
be globally stable or unstable.

Theorem 2. Assuming that (i) ||pj,ee: — pfa,ge,H > 1+ 2€
holds for ¥i # j; and (ii) projections of the targets of three or
more robots onto the horizontal plane are not collinear, holds,
no stable deadlocks exist under Algorithm 1.

Proof. Once the condition of terminal overlap in Defini-
tion 4 holds, pii = po e(7 =1 5n07) i replaced by pil =
o (M D507 Ghere pi (t) = n*(t — h) + An. Now consider
the direction from robot ¢ to its target position as the z-axis
and its orthogonal line as the y-axis, as illustrated in Fig. 4.
Assume that this deadlock holds indefinitely. By Theorem 1,

the summed forces acting on robot ¢ in y-direction are given
by
Fi= 3" (~sin9)ppeln 0750 — g,
JEN

(24)

Meanwhile, since this deadlock persists and 6%, §% do not
change, the equilibrium condition similar to (24) already holds
at time ¢ — h, i.e.,

Z (_ sin gij)poe(ni(tfh) sin 01])57,j =0
JEN?
Combining (24) and (25), it follows that

= sin 0% (1
2

JEN?

(25)

e(AnsinG”)) (ni(tfh) sin 0”)5”

poe

Since sin#(1 — e(A15n07)) < 0 holds for any 07 €
(=, 7], it follows that F}, < 0. Moreover, the equality F,, = 0
holds if and only if 67 = 0 or ¥ = 7 holds, Vj € N".

Denote by D' = {j | j =i or j € N* or 3k € N9,k € D'}
the set of robots within the same deadlock of robot i. For
robot j € DY, it also holds that 6% = 0 or ¢’F = T,
Vk € N7. In other words, the projections of p}, and ptdr&et
onto the zy-plane are collinear, ¥j € D', Since the second
condition in Theorem 2 states that the projections of three
or more robots’ target are not collinear, the analyses can be
focused on the case of two robots. Without loss of generality,
these two robots are indexed by 1 and 2. By Lemma 3 in
the Appendix B, their positions and targets are collinear.
Therefore, as depicted in Fig. 5 a new coordinate can be
constructed with the line from pmget to pmrget being the z-axis
and pm&e[ being the orlgm In thls new coordinate, their
posmons are denoted by p! and p?, and their targets by ptarget
and p[arget, respectively.

Following Theorem 1, Qx (plarget Pi) + p12(512a =0
holds for robot 1; and Qg (plarget P%) + pHonad = 0
holds for robot 2. Additionally, w'? = w?' and 612 = 61
hold. Moreover, since both 62 and 921 are either O or , it
holds that p'? = py = p2!. Then, since a?! = —al? holds,
(Phrger — P) + (p[arget p%) = 0 holds, which leads to the
following three cases as shown in Fig. 5.

Case (a): As proven in Lemma 3, the underlying deadlock
is unstable for robot 1 and 2.

Case (b): Since HpK pKH - p - p 2 ptargel

+ 2¢ holds and w! w21 < ¢, it can be verified that
a}? Pl > b1 + w'? and a2Tp2 > b2 + w?! are satisfied.
According to complementary slackness condition, this yields
that A\}2 = A2 = 0 holds. Via (18), this further indicates the
repulsive force between robots 1 and 2 are zero, i.e., the robots
are attracted by their targets only.

Case (c): Clearly, p! < Pl and p® > piee hold. Thus,
similar to the previous case, it implies that p> —pl > 7/ . +2¢
and the condition for deadlocks cannot hold.

To summarize, no stable deadlocks exists under the given
two conditions. O

ptarget >

Remark 7. These two conditions in Theorem 2 are not
restrictive as the first condition requires that the targets are
at least separated by the minimum safety distance; and the
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Fig. 5. Tllustration of three possible cases when two robots form a deadlock.

second condition that more than three targets are strictly
collinear is quite rare to happen and can be easily avoided by
slightly adjusting the target positions. Moreover, as shown in
Theorem 2, the only possible deadlocks are unstable, meaning
that any slight deviations would drive the system away from
the deadlock equilibrim. |

Remark 8. The above theorem provides a theoretical guaran-
tee for the proposed deadlock resolution scheme. In compar-
ison, the artificial right-hand perturbation introduced in [27]
and the right-hand detour points proposed in [33], [34] are
heuristic and thus lacking theoretical analyses. In addition, the
above methods in general introduce an instantaneous change
of the control inputs whenever deadlocks happen, while the
proposed scheme adapts a smooth and gradual adaptation
of repulsive forces, before the potential deadlocks actually
happen. Moreover, a decentralized control strategy is proposed
in [36], [37], which can provably drive the robots out of any
possible deadlock. It unfortunately can only be applied to
less than three robots and thereby lacks the generality of the
proposed deadlock resolution in this paper. ]

Theorem 3. The optimization in (12) is recursively feasible
under Algorithm 1.

Proof. Given a feasible solution u}_,(t — h) and x},(t — h)
at time t — h, k € I, it is proven in the sequel that x}c(t) =
xh oy (t—h), uj_i(t) = up(t —h), k € K and w(t) =
min{e, a%T(t)p}((t — h) — bii(t)} is a feasible solu-
tion at time t. As mentioned in Remark 3, it is enforced
that x%_ | (t — h) = x%(t — h) and uf(t — h) = ue.

First, as the result of optimization at time step ¢t — h,
zi . (t —h) and ui(t — h) with k € K, satisfy the con-
straints in (2c)-(2e) naturally. In addition, since z%-(t) =
Ty (t = h) = xhe(t — h) and ufe () = ui(t —h) = u,
hold, z’% (t) and u% _,(t) also satisfy these constraints. In the
meantime, as 2% (t) = z% | (t — h) = 2% (t — h) = 2, (t)
holds, it is evident that the constraint (12d) holds as well.
Second, it has been shown that, by substituting (6), (12a) is
equal to
M 2= i (26)

||p§c+1(t —h)— pi+1(t

As a feasible solution at time ¢ — h, pj_ ,(t — h) satisfies

0l (= B (t— k) = I (t—h), Vj # ik € K.
Combined with Lemma 1, the inequality in (26) holds as well
as constraint (12a). Lastly, it remains to be shown that the
constraints in (12b), (12c) and w*% > 0 hold. As a feasible so-

. T .
lution at time ¢ —h, pl (t—h) satisfies ajl (t—h)pl (t— h) >

L (t — h) +w", for Vj # i. Since w* (t — h) > 0 holds, it
(t — h)pi(t — h) > b2 (t — h) and further

P (¢ = h) —
In addition, since pi(t — h)

yields [[piZ (D) > -
from (6), it is clear that

a2 (pi () > b (1).

= min{e, o (B)pi(t) — bL(1)}. it implies
that w®(t) > 0. Thus, the proposed solution z%(t) =
zi (= h), uj_i(t) = up(t —h), k € K and w'(t) =
min{e, a%T(t)p%(t) —biZ(t)} is a feasible solution at time ¢.

Consequently, if the initial optimizations are feasible for
all agents, then they will be feasible in a recursive way and
the recursive feasibility of optimization (12) is ensured for all
robots. O

implies that a%

pK ﬁ_ )” > Tmm (27)

= Pl 1 (t—h) = pi(t) holds, it
In combination with a(t) and b3 (t)

(28)

Since w' (t)

Remark 9. It should be mentioned that the infeasible problem
in motion planning was considered in previous related work,
e.g., [28]. Different from [28] where the planned trajectory
is represented by a Bezier-spline, this work considers a more
general representation as a sequence of sampled points. Thus,
the feasibility results above can be extended to more complex
dynamics such as unicycles. More importantly, Theorem 2
together with Theorem 3 demonstrate that the proposed Al-
gorithm 1 indeed solves the deadlock resolution issue with
feasibility guarantee. ]

Corollary 1. If the optimization (12) is initially feasible, the
proposed algorithm ensures that all robots remain collision-
free at all time.

Proof. Since optimization (12) is evidently feasible at ¢ =
tg, Theorem 3 shows that it remains feasible for all future
time. As an important constraint (12a), the inter-robot collision
avoidance is satisfied by any feasible solution. In other words,
inter-robot collisions are avoided for all robots at all time. [

Theorem 4. Even if robot i € N only communicates with
robot j € N that satisfies |p"| < 20maKh + 1}, + 2€, the
properties mentioned in Theorems 2 and 3 still hold.

Proof. To begin with, since [[pY]| > 20maxKh + 1l + 2
holds, ||p | > rl., + 2¢ holds, Vk € K. Thus, there are
no repulsive forces between robots %, j, i.e., no deadlocks
can appear. Second, constraints might be added or removed
in (12) if robots enter or leave the above range, respectively.
More specifically, when an existing constraint is removed,
its feasibility remains unchanged as the problem is less con-
strained. On the other hand, a new constraint is added when
robot j enters the communication range of robot 4. Since
1P| > 20max K h+7;,+2€ holds, it follows that ||p;’ || >
holds, k& € K, and in turn (26) holds. Following a similar proof
of Theorem 3, it can be shown that z} (t) = x}, ,(t — h) and
uh_4(t) = ul(t — h) is a feasible solution as well. Conse-
quently, enforcing the local communication range above does
not effect the theoretical guarantee of the complete algorithm
on the deadlock-free property and recursive feasibility. O
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Fig. 6. The process of adopting the proposed right-hand rule where four
robots want to swap their positions.
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Fig. 7. Trajectories under different disturbances in a symmetric scenario.

Remark 10. Many related work [28], [50] requires a fully-
connected communication network. By contrast, the above
theorem shows that the proposed algorithm requires a local
communication strategy, i.e., each robot only communicates
with other robots that lie within a communication range. W

V. SIMULATION AND EXPERIMENT

In this section, the proposed algorithm is validated via
numerical simulations and hardware experiments of large-
scale multi-robot systems. The algorithms are implemented
in Python3, and publicly available at https://github.com/PKU-
MACDLab/IMPC-DR. Simulation and experiment videos can
be found at https://youtu.be/IDcXoEer068. The convex op-
timizations are formulated by CVXPY [51] and solved by
MOSEK [52]. The numerical simulations include some typical
scenarios such as symmetric scenarios, narrow passage, posi-
tion swapping, and random transitions. For the performance
evaluation, our method IMPC-DR is compared with three
other state-of-the-art methods: iSCP [39], DMPC [40] and
BVC [32]. The implementation of iSCP and DMPC is based
on [53].

A. Typical Scenarios

To begin with, some typical scenarios in MATG are con-
sidered first. To be consistent with the model of UAVs in the
experiments, the maximum velocity is set to vy.x = 1.0m/s
and the maximum acceleration ., = 1.5m/s2. The sampling
time A is chosen as 0.2s and the horizon length is set to

- O
® o
) t=1.8s » ) ; h 1*3-35 : ) h ) |:34,4s
® % ®
¢ (] ° © B )
® ® [
) t=1.4s ) : ) |:g.2s ) t:AAB.Ua
Fig. 8. The typical scenario of narrow passage where one robot passes

through other two robots at target positions. Top: the traditional right-hand
rule suffers from livelock problem. Bottom: the proposed method enables the
robots on the two sides to temporarily move away and leave space for the
middle robot to pass through.

K = 10 for all scenarios. The minimum inter-robot distance
Tmin 1S chosen as 0.3m and the width of warning band € is set
as 0.1m. In addition, the position penalty is set to Qx = 30.0,
pPo = 2.0 and o = 2.0.

1) Symmetric Scenarios: Symmetric scenarios are designed
such that the initial and target positions of all robots are
symmetric, which is the most common cause for deadlocks
[30]. As shown in Fig. 6, four robots located in a 2m X 2m
square transit to their antipodal positions. The robots approach
the center point initially at ¢ = 0.2s and the terminal positions
have entered the warning band. Then at ¢ = 0.8s, the
condition for a terminal overlap holds as the terminal planned
positions overlap within the warning band and consequently
the proposed resolution scheme is activated. In other words,
potential deadlocks are detected at this time instance, before
they might happen. As a result, from time ¢ = 1.0s, the robots
begin to approach to their right-hand sides, as illustrated in
Fig. 6. This adaptive process continues at ¢ = 1.4s, 2.0s until
the terminal positions leave the warning band and robots have
escaped from the deadlock at time ¢ = 2.8s. It is worth noting
that without this resolution scheme, a deadlock eventually
happens due to the symmetric configuration.

Furthermore, to validate the robustness of our deadlock res-
olution scheme, artificial forces are applied to all robots as ex-
ternal disturbances, e.g., to mimic wind gust. The forces follow
a uniform Gaussian distribution with mean zero and standard
deviation o. As shown in Fig. 7, when & = 0 /am,y is changed
from 0 to 0.2 with the symmetric scenario described above, the
proposed navigation and deadlock resolution scheme achieves
the same level of deadlock resolution and similar completion
time.

2) Narrow Passage: The second typical scenario is where a
robot needs to pass through another two robots that are already
at their respective target positions. This scenario emphasizes
the necessity of adding the warning band to the objective
function of optimization (12). As shown in Fig. 8, via the
proposed algorithm, when the robot in the middle approaches
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-

t=1.8s

t=1.8s t=2.4s

t=1.2s

Fig. 9. The typical scenario of swapping positions. Top: The traditional
BVC method may generate zigzag motions as BVC partitions the workspace
only based on the current positions of all robots, as illustrated at ¢ = 1.2s.
Bottom: The proposed MBVC-WB however divides the workspace based on
all future planned trajectories as shown at ¢ = 1.2s. Consequently, much
smoother trajectories are generated.

the other two robots, these two robots slowly move away
from its target position to leave enough space for the middle
robot to pass. Concretely, when the middle robot approach to
intersection position, another two robots are compelled to enter
their warning band related to this robot as shown at ¢ = 1.4s.
Intuitively, the penalty term (11) in the objective function (10)
can be decreased when both robots on the side move away
from their targets until they are not located within the warning
band anymore at around ¢ = 3.0s. In contrast, the heuristic
approach of choosing a detour point during deadlock suffers
from the livelock problem. Specifically, at time ¢ = 3.0s, the
robot in the middle chooses a temporary target position and
moves away once the deadlock is detected as all robots are
static. However, at around ¢t = 3.4s, it judges that it has
escaped from this deadlock, and the target position is reset
to the actual one. Consequently, it comes back to the same
deadlock equilibrium and this process repeats indefinitely.
Similar phenomenons can be found if artificial right-hand
perturbations [27] are used as the heuristic method.

3) Position Swapping: The last scenario is where the robots
swap their positions, as shown in Fig. 9. This scenario
is designed to emphasize that the modified space partition
constraint in (5) leads to a more accurate separation among
the robots and thus a higher utility rate of the workspace. A
comparison between the proposed method and the traditional
BVC [32] is shown in Fig. 9 for a particular setup. Specifically,
since the BVC only considers the current positions of all robots
for space partition, all future positions in the planned trajectory
are limited to this partition. Thus, it often leads to an overly
conservative navigation structure with excessive breaking and
low efficiency. In contrast, the proposed method enforces
multiple space partitions based on the planned positions at
each time step of horizon, i.e., the planned trajectories can
be extended as how other robots plan to move. This yields
a much smoother and significantly more efficient navigation

!
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Fig. 10. Snapshots of the random transition in crowed navigation tasks in
2D by 14 robots. Top: The traditional right-hand rule that chooses a detour
point suffers from the livelock problem, where 4 robots oscillate around the
deadlock positions from time ¢ = 7.8s Bottom: The proposed method is
applied to the same scenario, where potential deadlocks are resolved easily.

strategy. This difference is apparent in Fig. 9, where the
robots accomplish the navigation task via the proposed method
at ¢t = 3.0s while it takes 4.0s for the traditional BVC method.
More detailed comparisons w.r.t. efficiency and success rate
can be found in the next part.

B. Random Transitions

To systematically compare our method with other base-
lines including the incremental sequential convex program-
ming (iSCP) [39], the distributed model predictive control
(DMPC) [40] and the buffered Voronoi cell (BVC) [32], the
scenario of random transitions is designed, where the initial
and target positions are randomly chosen in crowded 2D
workspace and high-speed 3D space. In total, 100 random tests
are generated for each case. In each test, a navigation task is
successful if all robots arrive at their target positions within
considerable long time 50.0s. Note that for optimization-based
methods, if the underlying optimization is infeasible and thus
no solution exists, then the task fails.

1) Crowded 2D Workspace: The 2D workspace is set
to 2m X 2m and the number of robots ranges from 2 to 14. The
safety diameter, maximum velocity, maximum acceleration,
the warning band width and other parameters are selected
the same as before. The only difference is that the sampling
time h = 0.15s and the horizon length is set to K = 12.
An example of 14 robots is shown in Fig. 10. The results
in terms of success rate and infeasibility are summarized in
Table II, which shows that IMPC-DR achieves 100% success
rate and does not suffer from infeasibility at all. Especially
for the highly crowed case of 14 robots, the success rate is
much higher than other baselines. More specifically, BVC [32]
with simple right-hand heuristic often suffers from the livelock
problem described earlier in Section IV with a success rate
only at 41%, of which an example is shown in Fig. 10. It
is worth noting that when e is set to 0.1m, 14 robots within
the finite space of 2m X 2m is almost at the highest capacity.
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TABLE II
RANDOM TRANSITIONS IN CROWDED 2D SCENARIOS

TABLE IV
RANDOM TRANSITIONS IN HIGH-SPEED 3D SCENARIOS

Number of robots

Number of robots

Metric Method Metric Method
2 4 6 8 10 12 14 8 16 24 32 40 50 60
IMPC-DR 100 100 100 100 100 100 100 IMPC-DR 100 100 100 100 100 100 100
BVC [32] 100 100 97 94 83 65 41 BVC [32] 95 58 43 35 27 21 17
Success  iSCP [39] 100 99 94 81 58 39 12 Success  iSCP [39] 49 5 0 0 0 0 0
DMPC [40] 100 99 98 91 95 73 63 DMPC [40] 83 36 12 0 0 0 0
IMPC-DR 0 0 0 0 0 0 0 IMPC-DR 0 0 0 0 0 0 0
BVC [32] 0 0 1 0 0 2 0 BVC [32] 5 42 57 65 73 79 83
Infeas. iSCP [39] 0 1 6 19 20 61 88 Infeas iSCP [39] 51 95 100 100 100 100 100
DMPC [40] O 1 2 9 5 27 37 DMPC [40] 17 64 88 100 100 100 100
TABLE III
TIME OF RANDOM TRANSITIONS IN CROWDED 2D SPACE 800 = 20.0
700 E7s
Method Completion Time [s] £ 600 %15.0
2 4 6 8 10 12 14 é 500 212.5
S 4004 2 100
IMPC-DR 198 228 272 316 431 5.06 6.20 % £
BVC [32] 2.01 275 326 451 6.21 7.97 10.85 3 3 57
€ 200 { ® s0
© 2
1004 g 25
0 T T T T T T T © 0.0 T T T T T T T
0 8 16 24 32 40 50 60 0 8 16 24 32 40 50 60
number of agents number of agents
Fig. 12. Left: Computation time over different system sizes. Right:

10
t=6.4s

Fig. 11.  Snapshots of high-speed random transitions within 3D via the
proposed method by 60 robots.

One thousand random tests are conducted with a success rate
of 100% and zero deadlocks as well as no livelock. This
implies that the proposed method in this work has a good
performance of deadlock resolution and livelock avoidance.
Furthermore, the completion time is evaluated for BVC [32]
and the proposed method to illustrate the efficiency of MBVC-
WB. As provided in Table III, the proposed method has a
significant decrease in transition time especially in a more
crowded scenario.

2) High-Speed 3D Workspaces: In this case, the maximum
velocity and acceleration are increased to 3m/s and 2m/s?, re-
spectively; the 3D workspace is extended to 10m x 10m X dm.
The safety diameter of all robots is set to 1.0m in addition
to the warning band width is extended to 0.2m. As shown
in Fig. 11, 60 robots can transit at a high speed with safety
guarantee by IMPC-DR in this space. Tests are performed for
system sizes from 8 to 60, of which the comparisons w.r.t. the
success and infeasibility rate are summarized in Table IV. It
can be seen that the performance remains almost the same
as the 2D case in Table II. In contrast, the performance
of other baselines degraded significantly, mostly due to the
overaggressive trajectories and slow reaction to deadlocks.
This highlights the effectiveness of the proposed terminal
constraints in (9).

It is worth pointing out that for the above evaluation, the

Computation time per robot.

computation of all robots is performed on one common com-
puter. However, the planning of each robot is an independent
process. Despite of being implemented in Python3 instead of
C++, it can still achieve a cycle time of 0.75s for the most
complex case of 60 robots in 3D. Fig. 12 illustrates how the
computation time changes as the number of robots increases.
It can be seen that the local computation time of each robot
remains almost unchanged as the system size increases. Thus,
the proposed distributed method scales well with the number
of robots.

C. Experiments

To further validate the proposed method, several experi-
ments are performed on a nano quadrotor platform.

1) Hardware Setup: As shown in Fig. 13, the platform con-
sists of several nano quadrotors named Bitcraze Crazyflie 2.1.
Their states in the workspace are captured by an indoor motion
capture system OptiTrack, of which the update frequency is
120Hz. This information is sent to the main control computer
where the proposed trajectory generation algorithm is carried
out for all quadrotors. The trajectory of quadrotor is fitted
to a Ty-order polynomial and then sent to other quadrotors
along with its state information via high-frequency radio.
After receiving the position information, Kalman filter is used
to estimate the current velocity and position. A feedback
controller based on [54] is used to track the updated trajectory.

Furthermore, to avoid the inter-quadrotor air turbulence,
the minimum distance between quadrotors rpi, is chosen as
0.3m and the width of warning band € is chosen as 0.1m.
The maximum velocity and acceleration of Crazyflies are set
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Fig. 13. Hardware platform consists of a team of Crazyflies nano quadrotors,
a motion capture system, and a control computer.

to 1m/s and 1m/s?, respectively, to ensure safety. Lastly, the
sampling time h is set to 0.2s and the horizon length to 15, to
balance the control performance and the computation burden.

inter-agent distance(m)

time(s)

(a) Twenty robots transit to their antipodal positions in a circle.
Left: Robot Trajectories. Right: Inter-robot distances.

inter-agent distance(m)

minimum distance

timels)

(b) 8 crazyfies in a cube fly to their antipodal positions. Left: Robot
Trajectories. Right: Inter-robot distances.

Fig. 14. Hardware experiments of several scenarios, which can be compared
with the numerical simulations in Section V-A.

2) Results: The first experiment is the symmetry scenario
where 20 quadrotors transit to their antipodal position in a
2D circle with radius 1.7m. As shown in Fig. 14(a), the
navigation task is accomplished within 11.3s with smooth and
safe trajectories. Due to the symmetric setup, each agent is
potentially blocked by its left and right neighbors at about
t = 2.0s. Via the proposed resolution scheme, the repulsive
force from the left hand is increased and thus larger than the
right-hand force, yielding a right-hand rotation. This pattern
continues for about 7s such that most of the underlying agents
are close to their targets. A slight violation of the safety
constraint (less than 0.03m) happens around 2.6s due to the
strong air turbulence in the confined space, which however can
be compensated by enlarging the safety margin, as did in [40],

[24]. In the second experiment, 8 quadrotors transit to their
antipodal corners in a cube of 1m?. To consider the downwash
effect caused by flying quadrotors, the robots are encapsulated
within an ellipsoid of diameter 0.3m in zy-axis and 0.7m in z-
axis. The proposed IMPC-DR formulation in (12) can be easily
adapted to this configuration. The final trajectories are shown
in Fig. 14(b), where the right-hand rotation is also visible when
the robots avoid each other.

VI. CONCLUSION

This work has proposed a novel and effective navigation al-
gorithm for multi-robot systems. Its core part is called infinite-
horizon model predictive control with deadlock resolution.
Different from many heuristic methods, it can effectively de-
tect and resolve deadlocks online before they even happen. In
addition, it provably ensures recursive feasibility of the under-
lying optimization at each replanning. It is a fully distributed
method that requires only local communication and scales
well with the number of robots. Compared with other state-
of-the-art baselines, its advantages especially in crowded and
high-speed scenarios are significant, as demonstrated both in
simulations and hardware experiments. Future work includes
extensions to the obstacle-rich environment.

APPENDIX A
LEMMA 2

Lemma 2. Consider two line segments: the line segment
from p1 to po and the line segment from q, to qa, where
P1,P2,91,q92 € Rd! d= 2,3 If

1
71l [[rall > \/T?nin + ZHZZ — 012

is satisfied for r1 = q1 — p1, T2 = q2 — P2, 1 = p2 — p1 and
lo = q2 — qu, then

(29)

lpr +t(p2 —p1) —1 —t(g2 — q1) || = Tmin (30)

holds, ¥t € [0, 1].

Proof of Lemma 2. 1t is trivial to show that the left-hand side
of (30) is equivalent to

pr+t(pe—p1) —qn—t(@e—q) =ri+t(ra—r1).
Hence, it suffices to prove that
H’I"l —l—t(?“z — 7“1) || > Tmins Vt € [0, 1}.

Introduce a function F(t) = ||ry +t (r2 —r1) ||, t € [0, 1].
Moreover, set F(tmin) = mingeo,1] F'(t). Consider the follow-
ing three cases:

(@) tmin = 0: F(0) =rry >72, .

() tmin =1: F(1) =riry > 12, .
(©) 0 < tmin < 1: F(tmn) is given by
F(tmin) _ 7“;[‘7"17“;[‘7"2 ; T‘?TQT‘?’I“27
(ra—r1)" (r2 —r1)

where

Ll o) 31)

(ra—r1)" (r2—11)

tmin =
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Note that F'(tyin) > 72, is equivalent to

ririry ry — TF’I“QTF’I“Q > 2 (ra—r)" (ra—11),

which can be rewritten as
2 T 2
rmin) (7‘2 T2 — Tmin)
2 T 2
- Tmin) (Tl T2 — 7Qmin) .
Now, consider the following two cases:

Q) rirg—ri, > 0 Since tmm € (0 1), it follows from (31)
that vy > {7y and r2 ro > 117, Thus,

(T;[‘Tl —

2
> (T (32)

T

171 = Tmin 2 rl T2 = Tmin 2 07
T

T2 T2 = Tmin > Tl T2 — n >0,

which induces (32).

(i) rfro —rZ,, < 0. Without loss of generality, assume
that 7ry < rdry. Then, it is easy to show that rir; >
72 +1[la—11||?, given (29). Combining with the simple

min ' 4
fact that I — l{ = g2 — q1 — p2 + p1 = ro — 71 leads to

Tl rL 2> Tmln Z”TQ - T1||2

2 T T T
=r2. + 1 (riry +ryre —2ri 1)
1
2 T T
> Tryin + 1 (2r1 1 — 27] 7"2) .
After re-organizing the terms, we have
T T
5Ty > 1"1 r1 > 2rmm i T2,
and
T 2 2 T
™mr:— min Z Tmin —T1 72 2 07
T T
T9 T2 = Tmin > rmln T T2 > 07
which implies (32).
Now, the proof is completed. O
APPENDIX B
LEMMA 3

Lemma 3. Via the proposed navigation scheme, if two robots
1 and 2 are struck in deadlocks, the following properties hold:
1) pt, p,la,ge,, p? and pfarggt are collinear.
2) the deadlocks shown in Fig. 5(a) are unstable.

Proof. Since it is proven in Theorem 1 that the summed

Plasger =P
forces equal to zero, it implies that a}? = — e (. —
v ) ”pldrgel pKH

Diarget —P i i
,ﬁ_ Furthermore, via (6), it holds that al? =
target
1 2 1 2
Pk—Pix  _ p'=p 1 1 2 i
Toh—pill = TpT—p? LDUS: Page» P and p” are collinear.

Via similar analyses, p2... p* and p? are also collinear.
Consequently, p!, ptla.rget, p* and p?arget are all collinear.

In the following, we will show that the deadlocks in
Fig. 5(a) are unstable. As shown in Fig. 15(a), define B} (r4) =
{p|llp—p'| <ra} as the ball of radius ry around the
deadlock position of robot 1. The radius r4 is chosen such
that 1) if [[v!]| < 2 holds, then [[v}]| < 2 and |juj|| < 4%
also hold, yielding that 10,0 || < vmax and H@aukflﬂ < amax
where k € K; 2) if p, pi(t — h) € B! (’I‘d) holds for i = 1,2
and k € K, then the constraints a2 pj = b2 + w'? and
a,lprk > b;? hold for k € K.

Thereafter, the motion tendency of the underlying robots are
analyzed when they are bounded by Bl(rq) and B2(ry). At
time t — h, consider the vector

= (i (t = h) = Puarger) X (P (t = h) = P (t = 1))
x (pic(t = h) = pic(t = h)),
along which the unit vector is defined as 7 = ﬁ Consider

the planning process at time ¢, it can be shown that for robot
1, the following holds

T(“)Cl
T apK |pK pK(t h)
1 1
—TTLC’W Lt % L. (33)
= 3p}< P =Pk (t—h) ap 1 P} =Dy (t—h)
1
= Tacp| 1 1
= 3])}( pl.=pl (t—h)>
12 a 12T 1 b12
where 77T %7“;1 = 1 iK } = 7Tal? = 0 leads
1 K 1 12 K
to TT% = ggfé T%“’l = (. Meanwhile, since both

1941}, 1|| < Umax and ||©, vk|| < Umax hold for k € IC, (14a)
and Pvl =0, Vk € K can be derived similarly as in the proof
of Theorem 1. Furthermore, owing to al2" p! > b12, it can be
obtained that A\{> = 0. Combining this with (14a), the equality
Sr = 5or = 0 and Qu(p} —phyr) + Quor(pk —phy) =0
hold, k € K. As a result, p;, k = 0,1,..., K are collinear,
which induces Qxllp} — pj 1|| Qr— 1||10;1C pi_4|l. Since
it has been shown that >, ", ||p]C }_(IH llpk — pill,

it follows that Qi|[p}, — pk+1” 1/> 0 Qk”pK poll-

Since tho_er 1/ZK 1@1 = 0, it further implies that

|Qk (pK pK 1) | = 0 and Qk(Pk+1 pk) = 0 hold fgr
k =0,1,..., K — 1. Then, since Q; > 0 exists for k € K,
it is clear that pj. 1= pi holds for k& € K. According to
p = pk _,, it can be derived that
801
8pK

=Qr-1(pk — Pk 1) + Qi (Pk — Plarger)

= QK (p}( - ptlarget)'
Along with (33), the following relation holds

1
T apK‘pK—pKt h) = =Qx7" (pk(t—h)

- ptlargel)'

As depicted in Fig. 15(a) it is evident that the angle be-

tween pi(t — h) — Py and 7 are larger than 7, i.e., both
T(p}((tf h)— ptarget) < 0and 7T a felont |PK —pL (t—h) < 0 hold.

In addition, 7Ta}2 = 0 holds by definition. Following (16), it
can be derived that

0L 10C"

Opl. Ipl
After convex programming, the Lagrange function £ will be
decreased and 7% (pk (t) — pk(t — h)) > 0 is enforced, i.e.,
pi has the motion tendency along the direction of 7.

As shown in Fig. 15(b), both 7,Tpk > 7'tTp[1arget and
mip < plarget hold at time ¢, where T¢ is the unit vector
that is perpendicular to ptarget ptarget at time ¢. Due to the

T |p}<:p}<(t7h) =T |p}<:p}<(t7h) <0.
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pk(t—h)

1
Prarget

Bi(r)
(a) The angle between pi. (t — k) — pfargel and 7, represented by the
green curve, is larger than 7.

Tt B -
T e h _-77 Nk
’ \ - -~

—

/ -
- R ey

1
h -~ 7
K, =
Prarget = (e B
N P max
‘ >~ moving direction

(b) The angle S(t) has the tendency to be increased such that p}( or

p%( cannot be bounded.

Prarget

Fig. 15. The deadlock shown in Fig. 5(a) is unstable.

motion tendency described above, the angle between p}, — p2%
and Piger — Piarger» denoted as 3(t), is monotonically increased,
i.e., B(t+h) > B(t) when B(t) # 0. Note that 5(¢) is bounded
by the maximum angle [i.x, Which is the one associated
with the common tangent line of these two spheres B} (rg)
and B2(rq).

As already proven, pj ., = pj holds for & € K, which
implies p} = p% for ¢ = 1,2. Since p'(t + h) = pj, it is
evident that the aforementioned property for p%  also holds
for p*, i = 1,2. Consider a situation that robots 1 and 2

are initially centrosymmetric around the point % with
p'(0) = pi(0), k € K, i = 1,2. Then, it is evident that these
two robots will always remain centrosymmetric. Thus, given a
bound arbitrarily close to the deadlock equilibrium and S3(to)
arbitrarily close to zero, we can find an initial state stated
as above for each robot such that robots 1 and 2 will leave
their corresponding bounds B (r4) and B2(r,) simultaneously.
According to Definition 5, the deadlocks for both robots 1 and
2 are unstable. This completes the proof. O
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