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Efficient coordination and planning is essential for large-scale multi-agent systems that collaborate in
a shared dynamic environment. Heuristic search methods or learning-based approaches often lack the
guarantee on correctness and performance. Moreover, when the collaborative tasks contain both spatial
and temporal requirements, e.g., as linear temporal logic (LTL) formulas, formal methods provide a
verifiable framework for task planning. However, since the planning complexity grows exponentially with
the number of agents and the length of the task formula, existing studies are mostly limited to small
artificial cases. To address this issue, a new planning paradigm is proposed in this work for system-wide
temporal task formulas that are released online and continually. It avoids two common bottlenecks in
the traditional methods, i.e., (a) the direct translation of the complete task formula to the associated
Biichi automaton and (b) the synchronized product between the Biichi automaton and the transition
models of all agents. Instead, an adaptive planning algorithm is proposed, which computes the product
of relaxed partially ordered sets (R-posets) on-the-fly and assigns these subtasks to the agents subject
to the ordering constraints. It is shown that the first valid plan can be derived with a polynomial time and
memory complexity with respect to the system size and the formula length. Our method can take into
account task formulas with a length of more than 400 and a fleet with more than 400 agents, while most
existing methods fail at the formula length of 25 within a reasonable duration. The proposed method is
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validated on large fleets of service robots in both simulation and hardware experiments.

Introduction

Recent advances in computation, perception, and communica-
tion allow the deployment of autonomous robots in large,
remote, and hazardous environments, e.g., to assist service staft
in hospitals [1], to maintain offshore drilling platforms [2], and
to monitor and assist construction sites [3]. Furthermore, fleets
of heterogeneous robots, such as unmanned ground vehicles
and unmanned aerial vehicles, are deployed to accomplish tasks
that are otherwise too ineflicient or even infeasible for a single
robot [4]. Not only the overall efficiency of the team can be
largely improved by allowing the robots to move and act con-
currently [5] but also the capabilities of the team can be greatly
extended by enabling multiple robots to directly collaborate on
a task [6]. Recent works have demonstrated such potentials
preliminary for simple tasks such as collaborative exploration
[7], formation control [8], object transportation [9], and pur-
suer—evader games [10]. The task planning problem for multi-
robot systems is in general NP-hard [11], due to the inherent
combinatorial nature of robot-task assignment and various
constraints such as capabilities and deadlines. The standard
approach is to formulate a mixed integer linear programs
(MILPs) over the integer variables and constraints [12]. While
being sound and optimal, these methods are applicable to only
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small-scale systems. Thus, extensive work can be found on
designing meta-heuristic algorithms for finding sufficiently
good solutions in a reasonable time, e.g., genetic algorithms
[13], colony optimization [14,15], particle swarm optimization
[16,17], learning-based algorithms [18-20], or large language
models [21,22]. However, these methods often lack a formal
guarantee on the correctness and quality of the planning results.

Moreover, to specify more complex tasks, many recent works
propose to use formal languages such as linear temporal logic
(LTL) [23], computation tree logic (CTL) [24], and signal tem-
porallogic (STL) [25] as an intuitive yet powerful way to describe
both spatial and temporal requirements on global [26] or local
[27] behaviors. Notably, the works in [28-30] formulate MILP
by a central planning unit given different system models and
task constraints; the works in [31-35] instead propose various
search algorithms over the state or solution space of the whole
system. However, the aforementioned planning methods are
often executed offline for a set of predefined static tasks. A par-
ticularly challenging scenario is when the system operates indefi-
nitely, i.e., new tasks are released or canceled dynamically and
continually by external demand [36], or certain target features
related to the tasks can change location during run time [10].
This would require the fleet to adaptively change their task plans
online to modify existing assignments and incorporate new
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tasks. Thus, the aforementioned methods become inadequate as
the sequence of tasks is infinite and their specifications are
unknown beforehand. Recursive application of the centralized
methods in a naive way leads to not only intractable computation
complexity but also inconsistent or even oscillatory assignments.
Thus, an efficient and adaptive planning scheme is essential for
multi-robot systems that collaborate in a dynamic environment
[37-39] or an unknown environment [40].

Related work

The standard framework for planning under temporal tasks is
based on the model-checking algorithm [23]: First, the task for-
mulas are converted to a deterministic Robin automaton (DRA)
or nondeterministic Biichi automaton (NBA) via off-the-shelf
tools such as SPIN [41] and LTL2BA [42]. Second, a product
automaton is created between the automaton of formula and the
models of all agents, such as weighted finite transition systems
(WFTSs) [23], Markov decision processes (MDPs) [43], or petri
nets [44]. Last, certain graph search or optimization procedures
are applied to find a valid and accepting plan within the product
automaton, such as nested-Dijkstra search [32], integer programs
[45], auction [46], or sampling-based [33,47].

Thus, the fundamental step of all aforementioned methods
is to translate the task formula into the associated automaton.
This translation may lead a double-exponential size w.r.t. the
formula length as shown in [42]. The only exceptions are GR(1)
formulas [48], of which the associated automaton can be derived
in polynomial time but only for limited cases. In fact, for general
LTL formulas with length more than 25, it takes more than 2 h
and 13 GB memory to compute the associated NBA via LTL2BA.
Although recent methods have greatly reduced the planning
complexity in other aspects, the length of considered task speci-
fications remains limited due to this translation process. For
instance, the sampling-based method [33,47] avoids creating
the complete product automaton via rapidly exploring random
tree (RRT) sampling, of which the largest simulated case has 400
agents and the task formula has a maximum length of 14. The
planning method [32] decomposes the resulting task automaton
into independent subtasks for parallel execution. The simulated
case scales up to 100 robots and a task formula of maximum
length 18. Moreover, other existing works such as [49-52] mostly
consider task formulas of length around 6 to 10. This limitation
hinders its application to more complex robotic missions.

This drawback becomes even more apparent for dynamic
scenes, where contingent tasks specified as LTL formulas are
triggered by external observations and released to the whole
team online. In such cases, most existing approaches compute
the automaton associated with the new task, of which the syn-
chronized product with the current automaton is derived, see,
e.g., [51,52]. Thus, the size of the resulting automaton equals to
the product of all automata associated with the contingent tasks,
which is clearly a combinatorial blow-up. Consequently, the
amount of contingent tasks that can be handled by the afore-
mentioned approaches is limited to handpicked examples.

Our contribution

To overcome this curse of dimensionality in the size of tasks and
agents, we propose a new paradigm that is fundamentally dif-
ferent from the model checking-based methods. First, for a
syntactically co-safe LTL (sc-LTL) formula that is a conjunc-
tion of numerous subformulas, we calculate the R-posets of
each subformula as a set of subtasks and their partial temporal
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constraints. Then, an efficient algorithm is proposed to compute
the product of R-posets associated with each subformula. The
resulting product of R-posets is complete in the sense that it
retains all subtasks from each R-poset along with their partial
orderings and resolves potential conflicts. Given this product, a
task assignment algorithm called the time-bound contract net
(TBCN) is proposed to assign collaborative subtasks to the agents,
subject to the partial ordering constraints. Last but not least, the
same algorithm is applied online to dynamic scenes where con-
tingent tasks are triggered and released by online observations.
It is shown formally that the proposed method has a polynomial
time and memory complexity to derive the first valid plan w.r.t.
the system size and formula length. Extensive large-scale simula-
tions and experiments are conducted for a hospital environment
where service robots react to online requests such as collaborative
transportation, cleaning, and monitoring.

The main contribution of this work is threefold: (a) a system-
atic method is proposed to tackle task formulas with length more
than 400, which overcomes the limitation of existing translation
tools that can only process formulas of length less than 25 in
reasonable time; (b) an efficient algorithm is proposed to decom-
pose and integrate contingent tasks that are released online,
which not only avoids a complete re-computation of the task
automaton but also ensures a polynomial complexity to derive
the first valid plan; (c) the proposed task assignment algorithm
is fully compatible with both static and dynamic scenarios with
interactive objects.

Problem statement

Consider a multi-agent system with heterogeneous capabilities,
a series of sc-LTL task formulas that are released online, and a
set of interactive objects in the dynamic environment. The objec-
tive is to generate a task plan for the system online such that
these tasks are satisfied with high efficiency.

For instance, as shown in the “Numerical simulation” sec-
tion, a fleet of heterogeneous service robots is deployed in the
hospital environment. Different tasks such as transportation of
goods or patients, cleaning, and maintenance are released online
continuously. Many of such tasks contain numerous subtasks
with ordering constraints that require direct collaboration of
different robots. An efficient coordination algorithm is pro-
posed such that these subtasks are assigned and fulfilled online
in a timely manner.

Results

In this section, we present the proposed solution briefly, where
we first give a definition of task specification and introduce the
core method of computing the R-poset product. Then, an effi-
cient assignment algorithm is introduced under these posets with
temporal and spatial constraints. The simulation and hardware
experiment results are presented against several strong baselines
for different sizes of fleets and task complexities. Technical details
and derivations can be found in Materials and Methods.

Task specification and R-poset product

We briefly introduce the syntax of LTL used for task specifica-
tions. The basic ingredients of LTL formulas are a set of atomic
propositions AP in addition to several Boolean and temporal
operators. Atomic propositions are Boolean variables that
can be either true or false. The syntax of LTL is defined as

eET Iplovoleng el Qele Up,|O¢loe,
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where T £ True; p € AP is the alphabet; V (conjunction), A
(disjunction), and = (negation) are the logical operators; ¢
(eventually), O) (next), and U (until) are the temporal operators;
and [ (always) and = (implication) are the derived operators. A
special class of LTL formula called sc-LTL [23,53] only contains
the temporal operators (), U, and ¢. A complete description of
the semantics and syntax of LTL can be found in [23].

Given a series of sc-LTL formulas that are released online,
most existing methods would combine the formulas with A
(conjunction) and convert them into an NBA. It results in a
graph structure that consists of states, transitions, guards, inital
states, and final states. However, since its size is double expo-
nential to the length of formula ¢ as proven in [42], it quickly
becomes intractable with more task formulas. Instead, we com-
pute the product of R-posets associated with these formulas,
called the Poset-prod (denoted by ®). The R-poset P =
(2, <,#) is a high-level abstraction of NBA, proposed in our
earlier work [54], which consists of a set of subtasks  and their
partial relations as less equal < and conflict #. It has been
proven therein that if the subtasks are executed under the par-
tial relations, the resulting traces satisfy the NBA. Once a new
task formula is released, it is transformed into a new R-poset
P, and its product with the current R-poset P, is computed.
More specifically, given P,, P,, the Poset-prod returns a new set
of R-posets P = P; ® P, that satisfies both P, and P,, which is
computed by iterating the following two procedures: Task com-
position and Relation update. The first procedure is to create a
group of subtasks as a combination between the subtasks in P,
and the subtasks of P, that have not been executed. A depth-
first-search (DFS) algorithm is proposed to gradually add the
subtasks along with the corresponding mapping function. The
second procedure is to calculate the partial relations between
the subtasks such that the ordering constraints among the sub-
tasks in the composed product are consistent without conflicts.
Consequently, the overall poset is given by Py, = (Qf, =, #)),
which is iteratively computed each time a new poset is added.

The proposed Poset-prod method outperforms the tradi-
tional method in both computational efficiency and perfor-
mance. This improvement becomes even more pronounced
when the number and length of subformulas increase. This is
because the time of generating NBAs of ¢, ¢,, «++ grows linearly,
while the time of converting ¢; A @, A --- into NBA grows expo-
nentially. Moreover, for a new added formula, the algorithm
updates the final R-poset based on the previous result, which
ensures the performance for online cases. Finally, it is an any-
time algorithm that the algorithm can calculate an R-poset
within linear complexity for multiple subformulas at the expense
of optimality. The concrete complexity analysis of Poset-pord is
shown in Discussion, and the definition of R-poset and label is
shown in Materials and Methods.

To give an example, consider four subformulas ¢,, ¢,, ¢,
@, as shown in Fig. 1. Their NBAs B, -+, B, can be trans-
formed into four R-posets Py, -++, P,. The first round of Poset-
prod is between P, and P, as P, ® P, = {Py;, P,}. Then, the
following rounds of Poset-prod are pelrformed,2 between the
results of the previous round and the next R-poset as Py ® P;,
of which the first solution is denoted by P. At the expense of
some optimality, the algorithm can go to next round before all
results of P, ® P; are generated, as it is an anytime algorithm.
Finally, we can derive Py, by computing P ® P, as the final
R-poset, which satisfies P,, -+, P,. Note that the time to generate
the NBA associated with ¢, /\f=1 @i /\f’=1 @ and AL @; grows
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significantly with a duration of 0.058 s, 0.076s, 1.56 s, and
25.56 s via LTL2BA [42]. By contrast, the time to compute
these products P, ® P,,P, ® P, ® P;,P, ® P, ® P; ® P, grows
slower with a duration of 0.199 s, 0.279 s, and 0.385 s. Thus,
our method can deal with a much larger number of tasks online.
Detailed comparisons between our method and traditional
methods can be found in the “Scalability analysis and compari-
sons” section.

Online subtask assignment under

complexity constraints
Once the set of R-posets that satisfies all subformulas is gener-
ated, a series of subtasks in the R-poset should be assigned to
the agents under several complexity constraints, including tem-
poral constraints from R-poset, objects constraints, and coop-
erative constraints. Similar to the classical contract net method
[55], we propose an eficient and suboptimal assignment algo-
rithm called time bound contract net (TBCN). The main dif-
ference is that all these constraints are represented uniformly
by time bounds in our methods, and an example is shown in
Fig. 2. The final assignment is a group of timed sequence of
robot actions J = [Il , o ]n], where ], = [(t,, 0, a;), ]
indicates that agent n will execute action a, at time t, to satisfy
subtask @, such that the newly released tasks are fulfilled.
TBCN consists of three steps: initialization, computation of
feasible subtasks, and online bidding. As the partial constraints
of final R-poset Py, might be changed after computing the
product, the subtasks that are conflicting with the updated
partial orders are removed in initialization. Then, the last two
steps are iterated: the set of subtasks whose partial orders are
satisfied given the current assignment J in computation of
feasible subtasks. Consequently, a linear program is formulated
and solved in the online bidding, to choose one subtask from
the feasible set. Thus, the resulting execution time and action
plans are added to J.

Numerical simulation

As shown in Fig. 4, the hospital environment consists of the
wards, the operating rooms, the hall, the exits, and the hallways.
The multi-agent system is employed with three junior doctors,
six senior doctors, and eight nurses, and four types of patients
are treated as interactive objects including family visitors, vomit-
ing patients, senior patients, and junior patients. The detailed
mappings between agents, action, objects, and their labels are
shown in Table S1. Furthermore, various types of tasks are con-
sidered, such as “Go the rounds of the wards and provide medi-
cine;” “Check and record the patient status,” and “Prepare and
perform an operation on a patient” Some tasks are released
online under certain conditions, for instance, when a patient
vomits at a region, the task “Take the patient into ward and
check his status. Meanwhile, the doctors should not enter this
region until it has been cleaned” The sc-LTL formula associated
with the complete task is given by =g, A - Pp, APvpA
PppA (Pép A (/’ép APy which has a total length of 62. Detailed

description of formulas are shown in Table S2.

As shown in Fig. 3, each subtask w; consists of the constraints
before execution (in blue) and during execution (in green). The
directed black arrows denote the ordering constraints, while the
bidirectional red arrows for the conflicting constraints. The map-
ping from the subtasks within the input R-posets to the subtasks

within the final R-poset is shown in brackets as co,1 (col1 ): a)/l — w,.
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Fig.2.The bidding process of assigning subtask 4 under the global time bound (when
the partial relations in R-poset are satisfied), the time bound for object (when the
object is reachable), and local time bounds (when the agents get ready).

Note that most of R-posets on the right are directly incorporated
into the final R-posets on the left, such as Py, , -+, Py, , P, »+++, P

This is due to the fact that their subtasks are independent
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without ordering constraints, which allows for parallel execution.
Additionally, some subtasks on the left represent the same sub-

tasks on the right. For example, a)/1 of P, and w, of P,_representing
2 1 2
both w, since their ordering constraints (in green) are identical.

The same action can be performed to satisfy multiple subtasks on
the left, which improves the overall efficiency. Furthermore, all
subtasks on the right satisfy the partial relations between the cor-
responding subtasks on the left, while additional constraints are
added if there are conflicts among the ordering constraints. For
instance, action D?V7’W7 of w5 should not be executed before the

subtask @, ,. Thus, an additional ordering constraint is added such

that subtask w,; should be executed after w,,. These properties
guarantee that each subtask within the R-posets on the left can be
executed, as their partial relations are satisfied. Consequently, the
final R-poset satisfies all R-posets on the left. Note that the com-
plete formula has a total length of 62, of which the NBA takes
more than 1 h to compute. On the contrary, the first final R-poset
is computed within 10.96 s.
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The results of task assignment are shown in Fig. 4, which
include the updates at 40, 180, 215, and 400 s with five additional
objects added. Then, after modifying the current R-posets to
accommodate these formulas, the method TBCN is executed to
assign the new subtasks within the final R-poset. The trajectories
of agents and objects are shown, with certain regions that are not
allowed to enter. For instance, when a patient vomits at region h13
in Fig. 4C, the nurses cannot enter until other agents have cleaned
this region. These constraints ensure that both their actions and
their trajectories satisfy the R-poset. In addition, once a new object
isadded, a new formula is released and then the R-poset is updated.
All subtasks satisfy the ordering constraints in the R-posets. For
instances, as shown in Fig. 4D, although agents 6, 14 have arrived

in region w7 before 100s to collaborate on the subtask
Cl6 = {Mf’v7 w7 } (in blue), they have to wait until that agent 10
has fulfilled the subtask o, = {C£7 w7 }, due to the ordering
constraints that (w,,0,5) € <, {w,,, @4} € #. The constraints

introduced by objects are also satisfied, e.g., task w, (in green)
cannot be executed at 380 s before subtask w; (in purple) has been
finished, since the required object 3 has not been transferred to
region o,. Last but not least, most tasks are executed in parallel
mostly with a total completion time of 815 s, which is much shorter
than 2013.5 s if the subtasks are executed sequentially.

Scalability analysis and comparisons

First, we show how the computation time of the proposed task
assignment method TBCN varies under different numbers of
agents and subtasks. Since the number of subtasks cannot be
directly determined, we run the TBCN with a large number of
formulas, of which the length ranges from 20 to 80. The num-
ber of subtasks and the associated computation time are
recorded. As shown in Fig. 5, the average computation time
only increases slightly as the number of agents is increased
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from 12 to 400, while the computation time increases consider-
ably if the number of subtasks is increased from 22 to 34. This
is due to the fact that new subtasks would introduce additional
temporal constraints in the assignment procedure. The execu-
tion efficiency 5 from Eq. 6 decreases as the number of agent
increases, while 7 increases slightly as the number of subtasks
grows. The highest 7 is about 39% where most subtasks are
executed in parallel with only minimum waiting time for task
synchronization.

Second, to further validate the scalability of the proposed
method against existing methods, we evaluate the time and mem-
ory cost to compute both the first R-poset and the complete
R-posets by the proposed Poset-prod, given the task formulas of
different lengths. The conversion from an LTL formula to NBA
is via LTL2BA. The following three baselines are considered: (a)
the direct translation from the complete formula to NBA [42], in
which the complete formula is the conjunction of all subformulas;
(b) the decomposition set-based algorithm [56], which decom-
poses the NBA into independent subtasks; (c) the sampling-based
method [33,47], which generates a product automaton much
smaller than the complete one by sampling the product states of
NBA and weighted transition systems (WTS) via RRT. Each
method is tested three times with five formulas of the same length
ranging from 5 to 400. As shown in Fig. 6, both the time and
memory cost increase drastically with the formula length for all
methods except the proposed Poset-prod to compute the first
R-poset. In particular, when the formula length exceeds 15, the
decomposition algorithm runs out of memory or time. The sam-
pling-based method cannot generate a solution when the formula
length exceeds 20. Since all the baseline methods require the
translation to NBA first, it becomes intractable as the formula
length exceeds 25. In contrast, the proposed method of Poset-prod
can generate all R-posets with a formula length of 70 and the first
R-poset even when the length reaches 400, which is consistent
with our analyses in Discussion.
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Fig.4.(A, C, E,and G): Snapshot of agent trajectories at 40, 180, 215, and 400 s when new tasks are added online. (B, D, F, and H): Gantt graph of task assignment at these

time instants, as highlighted in green boxes.

Hardware experiment
We further tested the proposed method on hardware within a
simplified hospital environment. The multi-agent system consists
of 10 differential-driven mobile robots, with 3 /D in green, 3 SD
in yellow, and 4 Nu in blue. The required tasks include “prepare
and execute an advanced operation for patient 1 at operating
room 04 Similar to the “Numerical simulation” section, there
are event-triggered tasks released online such as “when a patient
vomits, take him to the ward, do not enter this region until it is
cleaned” The exact task description and formulas are shown in
Table S3.

In summary, the system is required with six subformulas,
and the final formula is ¢ = @;,; A -+ A@y, Prv A @pps with
the total length 27; thus, it cannot be translated into an NBA

Liu et al. 2024 | https://doi.org/10.34133/research.0337

directly. The agent trajectories within 185 s are shown in Fig.
7. As shown in the right of Fig. 7, the final R-poset consists of
14 subtasks, where the part in red is calculated offline and the
part in yellow is generated online. Most subtasks are executed
in parallel, meaning that the R-posets can be satisfied with a
high efficiency. The complete R-poset product is derived in
3.1 s, and the task assignment method TBCN is activated three
times, of which the average planing time is 2.7 s. As shown in
the left of Fig. 8, the Gantt graph is updated twice at 5 and 100 s
during execution, and subtasks that are released online are
marked by green boxes. It is worth noting that the agent move-
ment during real execution requires more time due to motion
uncertainty, communication delay, drifting, and collision avoid-
ance. Nonetheless, the proposed method can adapt to these
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Fig.5. The computation time (left) and the execution efficiency  (right) with respect to different number of agents and subtasks.

fluctuations and still satisfy the specified tasks, as shown in the
Gantt graph of the overall execution in Fig. 8. Experiment vid-
eos are provided in the Supplementary Materials.

Discussion

In this work, we propose Poset-prod, an efficient online task
planning algorithm for multi-agent systems where tasks are
released dynamically and constantly online. It consists of a sys-
tematic method to convert the temporal tasks into their equiva-
lent R-posets, of which their products are computed online.
Given these R-posets, an anytime task assignment algorithm is
proposed to adapt the local plans of robots online such that the
overall safety and correctness are ensured. The overall frame-
work is shown to be fast and efficient, thus particularly suitable
for large-scale multi-agent systems collaborating in dynamic
environments.

The most significant advantage of Poset-prod is that the
complexity of obtaining the first solution only grows linearly
with the length of formulas. Given a set of formulas {¢,, i < m}
and max; | ¢; | = n, deriving the first solution has a polynomial
complexity of O(m’n”). Despite that the overall complexity to
compute the complete R-posets of {p,} is O(n™™), it is still much
smaller than the complexity of calculating the NBA of the con-
junction ¢ via LTL2BA [42], which is O(mn - 2™"). Thus, our
method can plan for task formulas with a length of about 400
within about 50 s, while most existing methods fail at the for-
mula length of 25.

Future work involves two directions: (a) extending the sc-
LTL task formulas to general LTL and other languages such as

CTL [24] and STL [25]. It remains unclear how general LTL
formulas with always operators can be incorporated in the
R-poset, especially with the prefix—suffix structure, and (b) con-
sidering unknown and uncertain environments that are mod-
eled as MDPs. In this case, a reactive high-level plan is essential
to take into account all possible environment behaviors.

Materials and Methods

In this section, we provide the knowledge of LTL in the
“Preliminaries” section, the definition of alphabets and objec-
tive function in the “Problem formulation” section, and algo-
rithm details in the “Approach” section.

Preliminaries

As mentioned in the “Task specification and R-poset product”
section of Results, the basic ingredients of LTL formulas are a
set of atomic propositions AP in addition to several Boolean
and temporal operators. For a given LTL formula ¢, there exists
an NBA as follows:

Definition 1 An NBA A £ (S, =, 6,(S, Sg))is a four-
tuple, where S are the states; X = AP;§: S x X — 2° are transi-
tion relations; Sy, Sp C S are initial and accepting states.

An infinite word w over the alphabet 2"* is defined as an
infinite sequence W = 6,0,-+, 6; € 2**. The language of ¢ is
defined as the set of words that satisty ¢, namely,
L(p) = Words(p) ={W | W E @} and F is the satisfaction
relation. Additionally, the resulting run of w within A is an
infinite sequence p = s;s;5,+ such that s, € S, and s, €S,
S;41 € 8(s;, o;) hold for all index i > 0. A run is called accepting

8
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Decomposable set
Sampling ba

SERR

Cpst of time Ig(t)/_s

8

Basic buchi
First product
Complete product
Decomposable set
—&— Sampling based

Cost of memory /g(n_)/db

5 10 15 20 25 30 35 40 50 70 80 90 120150180240 300 340400
Length of formula

5 10 15 20 25 30 35 40 50 70 80 90 120150180240 300 340400
Length of formula

Fig. 6. The comparison of the computation time (left) and memory (right) by different methods.
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Fig.7.The trajectories of agents in experiment (left), experimental snapshot (middle), and the final R-poset (right).

if it holds that inf(p) N S # @, where inf(p) is the set of states
that appear in p infinitely often. A special class of LTL formula
is called sc-LTL [23,53], which can be satisfied by a set of finite
sequence of words. They only contain the temporal operators
(O, U, and ¢ and are written in positive normal form where
the negation operator — is not allowed before the temporal
operators. A relaxed partially ordered set (R-poset) over an
NBA B, is defined as follows:

Definition 2 (R-poset) [54] R-poset is a three-tuple: P, =
(2,=,#,): Q,= { (f, oy,o-?),vf =0, ... ,L} is the set of
subtasks, where ¢ is the index of subtask w; 6, C X are the tran-
sition labels; o, C X are the self-loop labels from Definition 1.

<,CQ,xQ, is the “less equal” relation: If (w),w,) € <,
or equivalently ;< @,, then @, can only be started after @, is
started. #, C 2% is the “opposed” relation: If {@), -+, @w,} € #,
or equivalently w,#,,---#,@,, subtasks in @, -+, w, cannot all
be executed simultaneously.

A word is accepting if it satisfies all the constraints imposed
by P,. Additionally, the word of R-poset will satisfy the NBA
as Words(P,) C Words(p).

Definition 3 (Language of R-poset) [54] Given a word
w = 0’0", satisfying R-poset P, = (2, <, #,,), denoted

as wk P, it holds that (a) given w; = (ii,ail,afl> €EQ,,
there exist j, with o; C a]'.land 0;1 n 6;n1 =0,VYm; <j; (b)
. . , . , —
V(wil, wi2> S S(p) 3]] SJZa O-iz Cc O-j2¢vm2 <]2) 6;-2 Cc o-mz = ﬂ, (C)
v <co,~1, O )e #o 30 <n,o;, C chf . Language of R-poset
1

P, is the set of all word w that satisfies P

c(P,)&{wlwEP,}
Assuming that P, = {Pfi , Pfi y e } is the set of all possible

denoted by

@

R-posets of NBA B, it is shown in Lemma 3 of our previous
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work [54] that () £(P)") C£(By, ).l € Py and (b)
P;’"e Pl E(Pi) = ﬁ(Bb,» ) In other words, the R-posets con-

tain the necessary information for subsequent steps.

Problem formulation

Collaborative multi-agent systems

Consider a workspace W C R? with M regions of interest
denoted as W2 {W,,---,W,} , where W, € W. Furthermore,
there is a group of agents denoted by N £ {1, ---, N} with differ-
ent types L = {1,---,L}. More specifically, each agent n € N

belongs to only one type | = M, ,,(n), where M,,,,: N' — L Each
type of agents [ € L is capable of providing a set of different

actions denoted by A;. The set of all actions is denoted as
Ag=UeL A = {ap
agents can navigate between each region via the same transition
graph,ie,G = (W, =, dg) where— C W x Wrepresents the
allowed transitions and dg: — — R, maps each transition to
its duration.

Moreover, there is a set of interactive objects O e {o,, 00}
with several types T £ {T, -+-,T};} scattered across the work-
space W. These objects are interactive and can be transported
by the agents from one region to another. An interactive object
0, € O is described by a three-tuple:

oué (Thu,tu, Wf), (1)

sy } Without loss of generality, the

where T), €7 is the type of object; £, € R is the time when
0, appears in workspace W; WZ: Rt — W is a function that
WZ(t) returns the region of o, at time ¢ > t,; and W (tu) cw
is the initial region. Additionally, new objects appear in W over
time and are then added to the set @. With a slightly abusive
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Fig.8.The Gantt graph of the planned execution (left) and the Gantt graph of the actual execution (right).
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notation, we denote the set of initial objects O, that already
exist in W and the set of online objects O, that are added dur-
ing execution, i.e., O = O;, U O,,,..

To interact with the objects, the agents can provide a series

of collaborative behaviors C £ {C,, -+, Cg }. A collaborative
behavior C; € C is a tuple defined as follows:
Cy ) (ouk, {(a,-,ni),i GLk}> (2)

whereo, € OU { @ } is the interactive object if any; a; € A, is
the set of cooperative actions required; 0 < #, < Nis the number
of agents to provide the action a; and L is the set of action
indices associated with the behavior C,. Also, d, denotes the
execution time of C,.

A behavior can only be executed if the required object is at
the desired region. Since objects can only be transported by the
agents, it is essential for the planning process to find the correct
order of these transportation behaviors. Related works [50,57]
build a transition system to model the interaction between
objects and agents, the size of which grows exponentially with
the number of agents and objects.

Task specifications

Consider the following two types of atomic propositions: (a)
plm is true when any agent of type / € L is in region W,, € W
P}, is true when any object of type r € T is in region W,,, € W.

Letpué {pt, YW, ew,ieL} U{p’, YW, eW,rer}b)

(Ci) kf ky is true when the collaborative behavior C, in Eq. 2 is exe-

cuted with object o, starting from region W, and ending in region
A Uk

sz. Letc= { (Ck)kl,kz’ VCk € Ca O“k S (9, VWkl’ sz (S W}

Given these propositions, the team-wise task specification is speci-

fied as an sc-LTL formula over {p,c}:

= A A A >
? (iel(pbi) <oueoon(peu> 3)

where {(/’b,-’ i=1, ..., I}, {qoeu, o, 6(90”} are two sets of

sc-LTL formulas over {p,c}. ¢, is specified in advance,
while ¢,, is generated online when a new object 0, is added
to O,,,.

To satisfy the LTL formula ¢, the complete action sequence
of all agents is defined as

J = (]13 ]2: Tt ]N)) (4)
where ], € J is the sequence of (f;, Ci, a;), which means that
agent n executes behavior C; by providing the collaborative
service g, € A, at time t;. In turn, the sequences of actions for
an interactive object is defined as:

J():(IIO7I§> "')]loj)a (5)
where JO = (f, Ci) -+ is the sequence of tasks associated with
object o, € O. The task pair (#, C)isadded to J! if object o,
joins behavior Cy at time #,. Assuming that the duration of for-
mula @,;, ,; from being published to being satisfied is given by
D,, the average efficiency is defined as

Zceer | Lildi (6)
D; ’

1

>

n
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which is the percentage of time when actions are performed.

Problem 1 Given the sc-LTL formula ¢ defined in Eq. 3,
synthesize and update the motion and action sequence of
agents J and objects J, for each agentn € N to satisfy ¢ and
maximize execution efficient #.

Although maximizing the task efficiency of a multi-agent
system is a classical problem, the combination of interactive
objects, long formulas, and contingent tasks imposes new chal-
lenges in terms of exponential complexity [42,50] and online
adaptation [51].

Approach

As shown in Fig. 9, when a new R-poset is generated, the pro-
posed solution realizes the requirement through two main
components: (a) product of R-posets, where the product of
existing R-posets is computed incrementally, and (b) task
assignment, where subtasks are assigned to the agents given
the temporal and spatial constraints specified in the R-poset.

Product of R-posets
As the first two steps shown in Fig. 9, when a new formula
@; € @, D, is added, it will be transformed into NBA first. Then,
an R-poset P, is generated by the method proposed in our previ-
ous work [54]. The other R-poset Py, involved in calculation is
the previous result of Poset-prod, which will be updated after
this round calculation. With P;,, as P, = (Q,,<,,#,), P; as
P, = (Q,,<,,#,), we define product of R-posets as follows:
Definition 4 (Product of R-posets) Given a finite word
w,, the product of two R-posets P,, P, is defined as a set of

R-posets P" = {P;,P;, --- }, denoted as P" = P, ® P, where
P; satisfies two conditions: (a) if wyw € £(P,),w € L£(P,),
thenwyw € UP;GP, L(P'); (b) ifwow € L(P]), P} € P, then
wow € L(Py),w € L(P,).

The word w, is already executed, containing the finished
subtasks Q}inish of P,. Thus, w, can not influence P, whose sub-
tasks will be executed in the future. Specially, if the new formula
is offline as ¢; € @, and the agents have not started to execute
subtasks, w, will be set as empty. As shown in Fig. 9, Poset-prod

consists of the following two steps.

(a) Task composition. In this step, we generate all possible com-
binations of subtasks that can satisfy both , and Q,. Namely,
a set of subtasks Q' = {w’l,
o} =(i,0},05") € Q,, there is a subtask a)]' = (j, o-j’.,o-}?’) e

-'-,a);} satisfies Q, if for each

i b
satisfying o} C 0']’. and o' C 0';’ , or a)]’ F @, for brevity. Thus, we
set Q' =€, firstand Q' clearly satisfies €2, with ‘v’a)i1 €EQ 0 F a)l1
Then, a mapping function M, : Q, — Q' is defined to store the sat-
isfying relationship from Q, to Q',and D(Mg,) € Q, is the domain
of Mpand R ( My, )is the range of My,. As all relations are unknown,
Mg, D(Mg), and R(My,) are initially set to empty. Namely, if
! F o’ wewillstore Mg (0?) = w/and M (w’) = w?andadd
j i i j Q j i

w?into D(Mg, ), and a)]/ into R(My,), where M_'is the inverse func-
tion of M.

DEFS [58] is used to add the subtasks of 2, to Q' in order,
and these mapping relations will be recorded in M,,. The

search sequences of DFS can be initialized as que = [(Q' =
Q, Mg = @)]. Then, during the circle, we will fetch the first

9202 ‘Gz Yyore N uo Bloaaus1os' [ds//:sdny wiouy papeojumoq


https://doi.org/10.34133/research.0337

Research

Input a new subfomula

i =Ty J

Transform the subfor-

—@ula into NBA B;

Convert NBA
into R-poset P;

Product of R-poset: Pp,q®F;

Composition of subtasks

E

-
wi@d)|  |od ()

Relation calculation

Time bound-contract net

-—

'

( Online adaptation
Newly add objects Agent i
: Wigiitem folemre: : Finished task € ¥
Action planner
‘ Environment
_

Fig. 9. Framework of the proposed method. For a new input formula ¢, we first change it into an R-poset P; with the method in the “Preliminaries” section. Then, Poset-prod
between P;and Py, is calculated as in the “Product of R-posets” section. Third, after the R-poset Py, is updated, the TBCN method in the “Task assignment” section determines
and adjusts the task sequence of each agent and object. New tasks are released when the agents execute their local plans and detect new objects online.

node of que as (Q', M ) The next unmixed subtasks i 1n Q,
are w?,i=|Mp | + 1. Any subtaska) €Q, /R(M, )/} ish

with wj = wi or wi = wj can create a new combination

based on (Q/, M;z):

A~
Q =9, c?)—<],a UO’,O’ Ua )

~ )
! _ ! ! _

My = My, Mg(wl.)_a)j,

which means that the subtask co]' in Q' can satisfy both wl co2

Moreover, for the subtask a) we can always create a set of
subtasks O and the correspondmg mapplng function M’ by
appending a) into & as a)] such that @ a) E co2 holds, i.e.,

A~/
Q =g’,j=|gz’|+1,a>’.=w§;

Ml =M}, M}, (0?)= =,

(8)

which means the subtask a); can be executed to satisfy a)12 This
step ends if the time budget #, or the search sequence que exhausted.

Liu et al. 2024 | https://doi.org/10.34133/research.0337

Once |D(M;2) | = | Q,], aQ satisfying Q,, Q, is already found.
In this case, the next step is triggered. As shown in Fig. 9, one

of found combination is M{,(1) = l,M1 )= 3,M§12(3) =4 w{

is created by (7), and a)f a)f is created by (8).

(b) Relation update leen the set of subtasks Q' and the
mapping function M, we calculate the partial relations among
them and build a product R-poset P. First, we construct the
“less-equal” constraint < as follows:

<= 0 (o) (7)) (7,7 ) 5}

which inherits both less equal relations <, in P, and <, in P,.
Then, we update Q' to consider the constraints imposed by the
self-loop labels in other subtasks. Specifically, if a new relation
(0, )) is added to < by (M !(@;) , M‘l(a)-)) € <, while

(60 601) € =1 holds, w, is required to be executed before w;,

although (wi > @; 1) does not belong to <, of P,. In this case, o,
and o are updated to guarantee the satisfaction of the self-loop
labels 6]3. before executing o;. For each subtask w;, the newly

added suf-subtasks from <, <, are defined as

1 Q
SP’SP’ ie.,

10
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1_ 11
Sp— {coj|<co, wj>e s (a)l,coj>6 51},

552 {Ms_zl<w1>|(a’ W )E a3 (Mgl(w%)’Mg;l(a’jz»G 52},

(10)
where S . S are the subtasks that should be executed after w,. Thus,
the action labels o; and self-loop labels ¢} in w; = (i, 0}, 07)

are updated accordingly as follows:

s1 S_Aa s _n
o= O' U O' O'i—O'UO'i,Gi—O'UGi,

@, GS1

), ESZ ( 1 )
in which o7 and o, should be executed under the additional
labels &; thus, the self-loop labels of S, S? are satisfied.

Finally, we find the potential ordering by checking whether a sub-
task o7 is in conflict with another subtask while (coi1 , w}) € =<

If so, an additional ordering will be added to < as:

5=5U{(wi, a)j)|o-jl=af} (12)
Then, Q will be updated following Eqs. 10 and 11. Regarding

the set of subtasks Q that have no conflicts in <, its “not-equal”

relations # are generated by a simple combination as:

4= ¢1U{{Mg<wfi)}l{wfi}e #z}.

The resulting poset P; = (Q, <,#) is added to Pg,q;.

As shown in Fig. 9, Relation update gets two R-posets and
the partial relations of each R-poset are succeeded from P, P, ;.
Due to the anytime property, the two-step procedure can be
repeated until all possible R-posets are found or just ended
when the first R-poset is found.

(13)

Task assignment

To satisfy the final R-poset Py, = (5 <; #)), the subtasks Q;
should be executed under the partial orders of <, #; Each
subtask w; € Q_ represents a collaborative behavior C Thus,
we can redeﬁne the action sequence of each agent J ved,as
J;, = [(fx, @g>ag), -] and the action sequence of each object
J0 € J, as J;=[(tx, @, ar), -], in which we replace the
cooperative behavior C; with w, since C, € g;.

We propose a suboptimal algorithm called time bound con-
tract net (TBCN) to generate and adapt the action sequence of
agents and objects. Compared with the classical contract net
method [55], the main differences are as follows: (a) the partial
order <, #, of R-poset might be changed when new formula
is addedf (b) the assigned subtasks should satisty the partial
orders in <, s #p (C) the cooperative task should be fulfilled by
multiple agents, and (d) interactive objects should be consid-
ered as an additional constraints. TBCN solves these differences
with three steps: First, we design a cancellation mechanism in
the initialization to adapt to the changes of R-poset mentioned
in (a). Second, the partial orders in (b) are guaranteed by only
assigning feasible subtasks but not all unassigned subtasks in
each loop. Third, the constraints mentioned in (c) and (d) are
considered as a time bound ¢, € R in the bidding process.

(a) Initialization: Once the R-poset Py, is updated by Poset-
prod, we first collect the action sequence J,.J, of previous

Liu et al. 2024 | https://doi.org/10.34133/research.0337

solution and the set of finished subtasks Q. from executing
word w,. Specially, all of them will be empty if it is the first round.
Then, a set of essential conflict subtasks €, is defined to collect
the subtasks that might conflict the updated partial orders <, #

i<t
{w; | w; #r;, ]§t1§t1+d
Vwi, CU] (S Ql/gﬁnish }

Qec= {wi|wi<f ],t >t le,w €Q /Qﬁmsh}
(14)

Then, we compute the set of subtasks €, that should be
removed from J, J;:

conf_ {o Vwi € Ql/gﬁnish>
Va)]- eQ, U Qec,

<
jleo = (15)

in which Q. are the subtasks in Q, and the subtasks whose
pre-subtasks will be removed. With the action sequences J, J,
removing all the subtasks in Q,,, we can initialize the set of
assigned subtasks Q, = {@;| V(f;, ®;, ;) € J}and the set
of unassigned subtasks Q, = Q/Q,..

(b) Computation of feasible subtasks: After initialization,
the algorithm starts a loop to assigned the subtasks in Q,: get-
ting a set of feasible subtasks Qy; calculating their time bounds;
choosing the best subtask. For the ordering constraints <, if
( » ;) € =, assigning (f;, w;,a;) to a task sequence ], =

(tkl, w;, ay;) will violate such constralnts Thus, Q, based on
current Q,, is defined as:

Qfez{a)ila)ieQu,V<w] a)i>€ =< ,a)jeQas}, (16)

in which the subtasks may lead to unfeasible action sequences
being eliminated.

(c) Online bidding: Then, we will try assigning each subtask
in Q, and only choose the one with the best result. Without
loss of generality, we assume that subtask ; € Q;, requires a
label Ck) Kk which means that the agents need to execute the
behavior Ck from region W, to region Wy, using object u;. Any
constraint mentioned in (b), (c¢), and (d) can be considered as
a time bound t, € R, which means that such constraint can
be satisfied after t,. Here, we use three kinds of time bounds:
the global time bound £”, the object time bound t;’k, and the set of

local time bounds Ts. The global time bound t2is the time instance
that the ordering constraints <;and conﬂlct constraints #,will

be satisfied if behavior (C k) 1s executed after ¢;":

£ > 1,

(0
>t,+dy, Vw0, -

(', ')e <pw; €Qp,

Y E# 0, €Q, (17)

Ry

For the required object u,, assuming its participated last task is
J2 [ = 1]= (ts, ) the object time bound; should satisfy that:

Wi()=W 2 t,+dp, Vi 210, (18)

which means that the object u; will be at the starting region
W,, of the current behavior (Ck)“" and ready for it after ¢ .
Ky ky i

Additionally, we set ty, = 00=0 if the object is not at W, after
the action sequence Juok, and we set t;’k =0 if the behavior

1
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(Ck)Zj‘ ¢, does not require object as u, = @. The set of local time
bound is defined as

To={ (A ) 14, = Ay, N A,

(19)
ts:tf+df+dg(kf,k1),\7’n (S N},

where A, is the set of actions that agent n can provide for
behavior Cy, t;is the earliest time agent  can arrive region Wy,
t, + d, is the time when the last subtask w, € J,—[1] has fin-
ished, d; (k. k; )is the cost of moving, and W, is the goal region
of w,.(A,, t?)meansagent n can begin behavior (Cy) Zk . after
172
time ¢! by providing one of action a, € A,. Using these time

bounds, we can determine the agents and their providing
actions and generate a new party assignment J*, J 0’ to mini-
mize the ending time of subtask w,. The efliciency 5 of each
assignment J', J/, w; € Q,, is calculated, and the subtask with
maximum efficiency will be chosen. Afterward, the chosen
subtask is removed from ,, and added to Q,. The action

sequences J, J, are updated accordingly as J = J', J, = J. o’
for the next iteration.

Correctness and completeness analysis
Theorem 1 (Correctness) Given two R-posets P, = (2, <,
#), P,=(80,,%,,#,) generated from 5B,,B, we have

ﬁ(Pj> C £(P,) N L(P,), where P; € Phap Ppinar = Py @ Py
Proof 1 If a word w = ¢',0',--- satisfies Pj= <Qj, < 75]»),
P; € Py, it satisfies the three conditions mentioned in Defi-

nition 3. In first condition, due to the step Task composition of
Poset-prod, we can infer that for any P; € Pp,,, there exists

w) = (n,0,,05') € Q, with w, = (n,0,,06%) € Q;. Thus, we
have ¢! Co,,0%! C 0% and afll no,, =%,¥m <£), which
indicates that w satisfies P, for condition 1. For the second
condition, due to Eq. 9 in step Relation update, we have <; C <.
Thus, we can infer that w satisfies P, for the second condition:

Any af.]l No,, =@, ¥m <¢), wehave (0;, ;) € <), thus
<col.11 , w}z ) € <pand3¢,| < ¢,,. Additionally, for the last condi-

tion, as the word w satisfied the # order of P, We have #, C #
due to Eq. 13. Thus, the word w also satisfied the third condi-
tion. In the end, we can conclude that w satisfies P,. In the same
way, we can proof the w also satisfies P,. Thus, 61‘12 Co;, C 5/5’2

Theorem 2 (Completeness) Given two R-posets P}, P,
getting from By, BB,, with enough time budget, Poset-prod
returns a set P, consisting of all final product, and its lan-

guage E(Pﬁml> = Upiepﬁnal L(P;) is equal to ‘C<Pﬁna1) =
£(P) () £(ry)

Proof2 Due to Theorem 1, it holds that C(Pﬁm,> C
E(Pl) N £(P2). Thus, we only need to show that £(P1) N
c(p) ce(P

(P,) € final | Givenawordw = ¢,0',-+-andw € L(P;)
L(P, ) w satisfies the first condition in Definition 3 for both P, and
P, that:Vw}1 = <i1, 0'1.11, 0?3) € Q, there exists ¢’;; with 0',-11 c 0']’-1
and 0';.11 C 6;411’ Vm, <jy Vcol?2 = (iz,o-z o-ff) €Q,, there

i’
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: ! : 2 / s2 / H R
exists o', with o, S0, and oSO, Vm, < j, Ifj, =j,, the
step in Eq. 8 of Task composition will generate a subtask

. 1 2 ! : s !
w; € withw; F @; > @, ando; C i Vmy <ji, 0; SOy
. . . 2 .
If j,#j, the (7) will generate Opo(iy) = s with
s Co! . Thus, there exists
Mq(iz) 4
P; € Pgy that satisfies the first condition. For the second con-

! .
O Mo (iy) S 0> Vmy <jy, 0

dition, <; consisting of two parts generated by Eqgs. 9 and 12

guarantees that w € £L(P,) N L(P,). Moreover, Egs. 10 and
11 guarantee that w does not conflict the self-loop constraints
of P,, P,. Thus, the second condition is satisfied. Regarding
the third condition, since #; = #, N M(#,) holds in
Eq. 13, #; is naturally satisfied by w. In conclusion, for any

we L(P)nL(P, ), weLrL (Pﬁnal) holds and vice versa. Thus,
L(Pﬁnal) isequal to £(P;) () L(P,).
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Efficient coordination and planning is essential for large-scale multi-agent systems that collaborate in a shared dynamic
environment. Heuristic search methods or learning-based approaches often lack the guarantee on correctness and
performance. Moreover, when the collaborative tasks contain both spatial and temporal requirements, e.g., as linear
temporal logic (LTL) formulas, formal methods provide a verifiable framework for task planning. However, since the
planning complexity grows exponentially with the number of agents and the length of the task formula, existing studies
are mostly limited to small artificial cases. To address this issue, a new planning paradigm is proposed in this work

for system-wide temporal task formulas that are released online and continually. It avoids two common bottlenecks in
the traditional methods, i.e., (a) the direct translation of the complete task formula to the associated Biichi automaton
and (b) the synchronized product between the Biichi automaton and the transition models of all agents. Instead, an
adaptive planning algorithm is proposed, which computes the product of relaxed partially ordered sets (R-posets) on-the-
fly and assigns these subtasks to the agents subject to the ordering constraints. It is shown that the first valid plan can
be derived with a polynomial time and memory complexity with respect to the system size and the formula length. Our
method can take into account task formulas with a length of more than 400 and a fleet with more than 400 agents, while
most existing methods fail at the formula length of 25 within a reasonable duration. The proposed method is validated on
large fleets of service robots in both simulation and hardware experiments.
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